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Abstract
In the conventional adiabatic regularization the vacuum ultraviolet divergences of a quantum field
in curved spacetime are removed by subtracting the k-mode of the stress tensor to the 4th-order. For a
scalar field in de Sitter space, we find that the 4th-order regularized spectral energy density is negative.
Moreover, the 2nd-order regularization for minimal coupling (ξ = 0) and the 0th-order regularization
for conformal coupling (ξ = 1
6
) yield a positive and UV-convergent spectral energy density and power
spectrum. The regularized stress tensor in the vacuum is maximally symmetric and can drive inflation,
while its k-modes representing the primordial fluctuations are nonuniformly distributed. Conventional
regularization of a Green’s function in position space is generally plagued by a log IR divergence. Only in
the massless case with ξ = 0 or 1
6
, we can directly regularize the Green’s functions and obtain vanishing
results that agree with the adiabatic regularization results. In this case, the regularized power spectrum
and stress tensor are both zero, and no trace anomaly exists. To overcome the log IR divergence
problem in the massive cases with ξ = 0 and 1
6
, we perform Fourier transformation of the regularized
power spectra and obtain the regularized analytical Green’s functions which are IR- and UV-convergent.
inflationary universe, mathematical and relativistic aspects of cosmology, quantum fields
in curved spacetimes
PACS numbers: 98.80.Cq , 98.80.Jk , 04.62.+v
1 Introduction
To combine quantum field theory with general relativity, a quantum field must first be place in
classical curved spacetime. Quantum fluctuations in the vacuum state contain ultraviolet (UV)
divergences arising from sums of the high k-modes [1, 2]. These divergences manifest in physical
quantities such as the stress tensor and power spectrum, and must be removed. In curved spacetime,
the UV divergences cannot simply be omitted as in Minkowski spacetime, because the finite part
of the fluctuations has important gravitational effects. For example, vacuum fluctuations in the
perturbed inflaton field and perturbed metric were the origins of large-scale structures [3,4]. They
also induced CMB anisotropies and polarization in the cosmic microwave background [5, 6].
Proper removal of UV divergences is the most important priority when introducing quantum
fields in classical curved spacetimes. Among the several existing regularization approaches are
dimensional regularization [7–10], point-splitting [11–16], and the zeta function [8, 17] that can be
also written as a path-integral [18]. These methods are applied to the Green’s function, and the
stress tensor can be constructed from derivatives of the Green’s function. In these methods the
∗yzh@ustc.edu.cn
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Green’s function of a massive field is often expressed in terms of the DeWitt-Schwinger proper-time
integration [19, 20], and they are virtually equivalent [8]. In particular, dimensional regularization
is known to agree with the zeta function regularization [8, 17]. UV divergences are isolated by
expanding the Green’s function in position space over a small distance σ. However, the ln σ term
in this process is both UV- and infrared (IR)-divergent. Subtracting the ln σ term achieves a UV-
convergent Green’s function, but also introduces an IR divergence in the originally IR-convergent
Green’s function (as demonstrated below). This difficulty plagues all regularization methods based
on the Green’s function in position space. Previous researchers have selected a particular term (of
4th adiabatic order) from the series expansion of the DeWitt-Schwinger proper-time integration,
and taken its massless limit m = 0 while neglecting other terms. The result is the so-called trace
anomaly [8,9,11–13,15,17] of a conformally-coupling scalar field. However, the series expansion of
the DeWitt-Schwinger proper-time integration is defined only at m 6= 0 and is actually undefined
at m = 0 [11, 12, 20].
The UV-divergence problem can also be solved by adiabatic regularization [21–33] which directly
handles the k-modes of a quantum field. The spirit of this method is analogous to Einstein’s equiva-
lence principle, that is, the leading high k modes regard curved spacetime as a flat spacetime. These
high k modes are UV divergent and should be subtracted like the UV-divergent term in quantum
field theories of flat spacetime. The UV divergences of the k-modes next to the leading mode are
subtracted by the adiabatic subtraction terms formed from the Wentzel–Kramers-Brillouin (WKB)
approximations. For this purpose, a minimal subtraction rule that minimizes the adiabatic sub-
traction and retains the convergent terms is required. This method removes UV divergences more
effectively than the Green’s function-based methods; in particular, it avoids the log-term difficulty
of the Green’s function in position space, without causing IR divergence of a massive scalar field. In
conventional adiabatic regularization, the order of the adiabatic expansion is the order of the time
derivatives of the scale factor a(τ) in Robertson-Walker (RW) spacetime. Meanwhile, the minimal
subtraction rule [21] commonly prescribes the 4th-order and the 2nd-order subtractions for the
stress tensor and the power spectrum of a scalar field, respectively. In principle these prescriptions
will sufficiently remove the UV divergences. Parker [32] explicitly obtained a 2nd-order regularized
power spectrum for a minimally-coupling massive scalar field during de Sitter inflation. However,
an IR- and UV-convergent regularized spectral stress tensor of a massive scalar field during de
Sitter inflation remains elusive.
For a massless field, the adiabatic order matches the power of k, such as ( 1
k
)n → (a′/a)n. In our
previous work on relic gravitational wave (RGW) [35], we implemented adiabatic regularization
in which the 4th-order regularization is both sufficient and necessary for removing the k4, k2, k0
divergences from the stress tensor, whereas the 2nd-order regularization is sufficient and necessary
for removing the k2, k0 divergences from the power spectrum. The slight IR distortions at k = 0
caused by the subtraction terms can be avoided by the inside-horizon scheme [36].
The adiabatic subtraction terms of a massive field contain powers of ω = (k2 + m2a2)1/2,
rather than powers of k. The 4th-order subtraction term for the stress tensor is constructed from
time-derivatives of a(τ) up to fourth-order. Therefore, it contains powers of ω1, ω−1, ω−3, ...
ω−13 [28–31]. Similarly, the 2nd-order subtraction term for the power spectrum is constructed from
time-derivatives of a(τ) up to second order and thus contains powers of ω−1, ... ω−7 [32]. When the
(positive or negative) powers of ω are further expanded to high-order terms of k, the subtraction
terms involve infinitely many terms in powers of k−1. Two consequences arise from this property.
First, the 4th-order subtraction term will cancel not only the k4, k2, k0 divergences, but also some
of the convergent k−2, k−4 terms in 〈T µ ν〉k for a massive field. Therefore, the regularized spectral
energy density becomes negative (non-positive-definite). Second, the lower-order (0th- and 2nd-
order) subtraction terms also contain k4, k2, k0 terms, whose coefficients might be exactly poised
to cancel the respective divergences and yield a positive, UV-convergent spectral energy density.
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Both consequences are observed in actuality. Specifically, for a minimal coupling (ξ = 0)
massive scalar field in the vacuum state in de Sitter space, the 2nd-order adiabatic regularization
yields simultaneously yields a positive UV-convergent power spectrum and a positive UV-convergent
spectral energy density which respects the covariant conservation. In a conformally-coupling (ξ = 1
6
)
massive scalar field, the 0th-order regularization achieves a similar result. These two prescriptions
achieve the proper adiabatic regularization for their respective cases. In both cases, the 4th-order
regularization is an incorrect prescription, because it gives a negative spectral energy density and
a negative power spectrum. For a massless scalar field with ξ = 0 and ξ = 1
6
, the regularized
stress tensor and power spectrum are zero, and, no conformal trace anomaly appears in the ξ = 1
6
case. In the literature [28, 29] a trace anomaly appeared in the 4th-order adiabatic regularization
of a massive scalar field with ξ = 1
6
in the limit m = 0. The present paper will demonstrate the
inappropriateness of the 4th-order regularization in a scalar field with ξ = 1
6
. The scalar field is
assumed in de Sitter space, in which the exact modes and the adiabatic subtraction terms of various
orders are explicitly given. Taking the difference yields the regularized spectral stress tensor and
power spectrum, respectively, in each order.
For a general coupling ξ ∈ (0, 1
6
), we show by trial and error that no regularization of a fixed
adiabatic order can simultaneously provide a positive spectral energy density and a positive power
spectrum with UV convergence.
To complement the adiabatic regularization, we also regularize the Green’s function in position
space. We first demonstrate the ln σ IR divergence in a coupling massive scalar field. Only when
m = 0 and ξ = 1
6
or ξ = 0, the Green’s function involves only one (or two) UV-divergent term and
is regularized to zero, confirming that the adiabatic regularization yields zero regularized spectra.
We also examine the literature-reported procedures for obtaining the trace anomaly by the Green’s
function method, and show that the result is an artifact by invalid treatments of the massless
limit of the 4th-order term. Furthermore, we perform Fourier transformations on the adiabatically
regularized power spectra of the massive scalar field with ξ = 0 and 1
6
, and obtain the respective
regularized Green’s functions with IR- and UV- convergence. This regularization overcomes the log
IR-divergence difficulty in the Green’s function method.
The remainder of this paper is organized as follows.
Section 2 briefly introduces the exact solution of a massive scalar field during de Sitter inflation,
namely, the spectral stress tensor and the power spectrum in the vacuum state.
Section 3 explores the 4th-, 2nd-, and 0th-order regularization prescriptions for ξ = 0. Only the
2nd-order regularization is proven successful, yields a zero stress tensor and a zero power spectrum
in the massless case.
Section 4 explores the 4th-, 2nd-, and 0th-order regularization prescriptions for ξ = 1
6
. In this
case, only the 0th-order regularization works successfully, and, in the massless case, yields a zero
stress tensor and a zero power spectrum with no trace anomaly.
In Sect.5, we explore the possible regularizations for a general ξ ∈ (0, 1
6
), and show that negative
spectra always occur.
Section 6 regularizes the Green’s function, and pinpoints the log IR difficulty and the invalid
treatments leading to the trace anomaly. In this section, we also perform Fourier transformations
of the regularized power spectra for ξ = 0 and 1
6
, thereby obtaining the IR- and UV-convergent
Green’s functions.
Section 7 discusses the results and concludes the paper.
Appendix A lists the high k expansions of the exact modes. Appendix B lists the 0th-, 2nd-,
and 4th-order adiabatic modes used in the context of this paper. Finally, C lists the 0th-, 2nd-
and 4th-order subtraction terms for the stress tensor, and demonstrates the zero four-divergence of
each order. In this paper, we set c = ~ = 1.
3
2 The power spectrum and stress tensor of scalar field during de Sitter
inflation
The metric of a flat Robertson-Walker spacetime is
ds2 = a2(τ)[dτ 2 − δijdxidxj], (1)
with the conformal time τ . The Lagrangian density of a scalar field φ is
L = 1
2
√−g(gµνφ,µφ,ν −m2φ2 − ξRφ2), (2)
and the field equation is
(+m2 + ξR)φ = 0 (3)
where  = 1
a4
∂
∂τ
(a2 ∂
∂τ
) − 1
a2
∇2 is the generalized D’Alembertian operator, m is the mass, ξ is a
coupling constant, R = 6a′′/a3 is the scalar curvature. Write
φ(r, τ) =
∫
d3k
(2pi)3/2
[
akφk(τ)e
ik·r + a†
k
φ∗k(τ)e
−ik·r
]
(4)
where ak, a
†
k′
are the annihilation and creation operators and satisfy the canonical commutation
relations. Since the field equation is linear, the k-modes are independent of each other. Let
φk(τ) = vk(τ)/a(τ). The equation of k-mode vk is
v′′k +
(
k2 +m2a2 + (ξ − 1
6
)a2R
)
vk = 0. (5)
It should be mentioned that the conformally-coupling massless case ( ξ = 1
6
and m = 0) is special
in that Eq.(5) reduces to v′′k + k
2vk = 0 which is a wave equation in Minkowski spacetime. We
consider the de Sitter inflation with a scale factor
a(τ) =
1
H|τ | , −∞ < τ ≤ τ1, (6)
and R = 12H2, where H is a constant, and τ1 is the ending time of inflation. (This de Sitter
inflation can be driven by several possible alternative sources, such as the cosmological constant,
the quantum effective Yang-Mills condensate [37], and some type of coherent scalar inflaton field.
As we shall see later in Sects. 3 and 4, it can be also driven by the regularized stress tensor of the
massive scalar field φ in the vacuum.) Then
v′′k +
[
k2 +
(m2
H2
+ 12ξ − 2)τ−2]vk = 0. (7)
The general solution of Eq.(7) is ∝ x1/2H(1)ν (x), x1/2H(2)ν (x), where H(1)ν (x) = H(2) ∗ν (x) are the
Hankel functions, the variable x ≡ k|τ |, and
ν ≡ (9
4
− m
2
H2
− 12ξ)1/2. (8)
For concreteness in this paper we consider ν ≤ 3/2 and ξ ≥ 0. The normalized solution is taken to
be
vk(τ) ≡
√
pi
2
√
x
2k
ei
pi
2
(ν+ 1
2
)H(1)ν (x) (9)
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which approaches the positive-frequency mode vk(τ)→ 1√2ke−ikτ in the high k limit. Corresponding
to this, the Bunch-Davies (BD) vacuum state is defined as the state vector |0〉 such that
ak|0〉 = 0, for all k. (10)
The Green’s function in the BD vacuum is defined as
G(r, r′) = 〈0|φ(r, τ)φ(r′, τ)|0〉 = 1|r − r′|
∫ ∞
0
sin(k|r − r′|)
k2
∆2k(τ) dk (11)
for the equal-time τ = τ ′ case, and the auto-correlation function is
〈0|φ(r, τ)φ(r, τ)|0〉 = 1
(2pi)3
∫
d3k |φk(τ)|2 =
∫ ∞
0
∆2k(τ)
dk
k
, (12)
and the power spectrum associated with the Green’s function is
∆2k(τ) =
k3
2pi2a2
|vk(τ)|2 = H
2
8pi
x3
∣∣H(1)ν (x)∣∣2 (13)
which is nonnegative by definition. At low k the power spectrum is IR convergent for the massive
field. At high k (i.e., x ≫ 1), by (A.2), ∆2k ∝ k3
(
1
2k
+ 4ν
2−1
16k3τ2
)
+ O(k−2) leads to quadratic and
logarithmic UV divergences in the k-integration of the auto-correlation (12). The spectrum is shown
by solid line in Figure 1(a). In this paper for illustration the plots are at a time |τ | = 1 and with
m2
H2
= 0.1 except specified otherwise. These UV divergences are to be removed by the following
subtraction
∆2k reg = ∆
2
k −∆2k sub (14)
where ∆2k sub is a subtraction term of certain adiabatic order, formed from the WKB approximate
solution. (See Appendix B.) The conventional prescription [32] adopts the 2nd-order adiabatic
subtraction to the power spectrum with ξ = 0. For other values of coupling ξ, nevertheless, the
2nd-order subtraction will generally lead to a negative power spectrum, as we shall see in later
sections. Therefore, we shall try different order of subtraction for different ξ. For this purpose, we
propose the following criteria for an adequate regularized power spectrum: (1) UV convergent, (2)
IR convergent, (3) nonnegative.
The energy momentum tensor is given by [8, 20, 28, 29]
Tµν = (1− 2ξ)∂µφ∂νφ+ (2ξ − 1
2
)gµν∂
σφ∂σφ− 2ξφ;µνφ
+
1
2
ξgµνφφ− ξ(Rµν − 1
2
gµνR +
3
2
ξRgµν)φ
2 + (
1
2
− 3
2
ξ)gµνm
2φ2 (15)
which satisfies the conservation law T µν;ν = 0 using the field equation (3). The trace is
T µ µ = (6ξ − 1)∂µφ∂µφ+ ξ(1− 6ξ)Rφ2 + 2(1− 3ξ)m2φ2, (16)
and, for ξ = 1
6
it reduces to
T µ µ = m
2φ2. (17)
This expression reveals that the trace of stress tensor of the conformally-coupling massless scalar
field is zero by definition. The energy density in the BD vacuum state is given by the expectation
value
ρ = 〈T 0 0〉 =
∫ ∞
0
ρk
dk
k
(18)
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where the spectral energy density is
ρk =
k3
4pi2a2
(
|φ′k|2 + k2|φk|2 +m2a2|φk|2 + 6ξ
a′
a
(φ∗kφ
′
k + φkφ
∗
k
′) + 6ξ
a′ 2
a2
|φk|2
)
=
k3
4pi2a4
[
|v′k|2 + k2|vk|2 +m2a2|vk|2 + (6ξ − 1)
(a′
a
(v′kv
∗
k + vkv
∗ ′
k)−
a′ 2
a2
|vk|2
)]
(19)
which is nonnegative. The pressure in the vacuum is
p = −1
3
〈T i i〉 =
∫ ∞
0
pk
dk
k
(20)
where the spectral pressure is
pk =
k3
4pi2a2
[
|φ′k|2 −
1
3
k2|φk|2 − a2m2|φk|2
+2ξ
(a′
a
(φkφ
∗′
k + φ
′
kφ
∗
k) +
a′2
a2
|φk|2 − 2|φ′k|2 + 2(k2 + a2m2)|φk|2 + 6(ξ −
1
6
)
a′′
a
|φk|2
)]
=
k3
4pi2a4
[
1
3
|v′k|2 +
1
3
k2|vk|2 − 1
3
m2a2|vk|2 + 2(ξ − 1
6
)
(
− 2|v′k|2 + 3
a′
a
(v′kv
∗
k + vkv
∗ ′
k)
−3(a
′
a
)2|vk|2 + 2(k2 +m2a2)|vk|2 + 12ξ a
′′
a
|vk|2
)]
. (21)
The spectral pressure can take both positive and negative values, unlike the spectral energy density.
The trace of stress tensor is
〈T µ µ〉 =
∫
〈T µ µ〉k dk
k
, (22)
the spectral trace is
〈T µ µ〉k = k
3
2pi2a2
[
(6ξ − 1)(|φ′k|2 − k2|φk|2) + 6
a′′
a
ξ(1− 6ξ)|φk|2 + 2(1− 3ξ)a2m2|φk|2
]
=
k3
2pi2a4
[
m2a2|vk|2 + (6ξ − 1)
(
|v′k|2 −
a′
a
(v′kv
∗
k + vkv
∗ ′
k) +
a′ 2
a2
|vk|2
−(k2 +m2a2)|vk|2 − 6ξ a
′′
a
|vk|2
)]
. (23)
In the above the sums of the k-modes contain no product terms between different k since the scalar
field is linear. The stress tensor is sensitive to the coupling ξ. For the minimal coupling ξ = 0,
ρk =
k3
4pi2a2
(
|(vk
a
)′|2 + k2|vk
a
|2 +m2a2|vk
a
|2
)
=
k3
4pi2a4
[
|v′k|2 −
a′
a
(v′kv
∗
k + vkv
∗ ′
k) + (
a′
a
)2|vk|2 + k2|vk|2 +m2a2|vk|2
]
, (24)
pk =
k3
4pi2a2
[
|(vk
a
)′|2 − 1
3
k2|vk
a
|2 −m2a2|vk
a
|2
]
=
k3
4pi2a4
[
|v′k|2 −
a′
a
(v′kv
∗
k + vkv
∗ ′
k) + (
a′
a
)2|vk|2 − 1
3
k2|vk|2 −m2a2|vk|2
]
. (25)
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For the conformal coupling ξ = 1
6
,
ρk =
k3
4pi2a4
[
|v′k|2 + k2|vk|2 +m2a2|vk|2
]
, (26)
pk =
k3
12pi2a4
[
|v′k|2 + k2|vk|2 −m2a2|vk|2
]
. (27)
The spectral energy density and pressure are plotted in Figure 1(b) for ξ = 0 during de Sitter
inflation, ρk is positive in the whole range, pk is positive at high k and negative at low k for
k|τ | < 0.82 (outside the horizon).
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Figure 1: The plot is at a time |τ | = 1 in de Sitter space and for the model m2
H2
= 0.1 and ξ = 0. (a) Blue
Solid: the unregularized power spectrum ∆2k is IR-convergent at low k, and is k
2 UV-divergent at high
k. Red Dash: the regularized ∆2k reg is k
−2 UV-convergent at high k, agreeing with that of Ref [32]. (b)
Red: the unregularized spectral energy density. Blue: the unregularized spectral pressure. (c) Blue: the
unregularized ∆2k. Red: the regularized ∆
2
k reg. Green: the subtraction term, which is much lower than
the unregularized.
At low k, ρk and pk are IR convergent, dominant by the mass term. At high k, ρk and pk contain
quartic, quadratic, and logarithmic UV divergences which are to be removed by the following
subtraction
〈T µ ν〉k reg = 〈T µ ν〉k − 〈T µ ν〉k A (28)
where 〈T µ ν〉k A is a subtraction term constructed from the WKB solution (see Appendix C). The
conventional prescription [21,28,29] adopts the 4th-order adiabatic subtraction for the stress tensor.
However, as we shall demonstrate in later sections, the 4th-order subtraction will generally lead
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to a negative spectral energy density. Therefore, we seek alternative prescriptions with different
adiabatic orders which largely depend on the coupling ξ. For this, we propose the following criteria
for an adequate regularized stress tensor of the scalar field: (1) UV convergent, (2) IR convergent,
(3) respect the covariant conservation, (4) the spectral energy density be nonnegative. In Ref. [15]
the five axioms for the regularized stress tensor did not include the positiveness of the spectral
energy density. However, in frame work of general relativity, the energy of the cosmic matter must
be nonnegative as a source of gravitational field. For instance, the Friedmann equation ( a˙
a
)2 = 8piG
3
ρ
requires that ρ be nonnegative, otherwise it will lead to inconsistency. Thus we include the criterion
(4). We shall show that these four criteria on the stress tensor and the three criteria on the power
spectrum can be satisfied by proper regularization for ξ = 0 and 1
6
respectively.
3 The regularization of scalar field with ξ = 0
We consider the massive scalar field with ξ = 0, i.e., ν = (9
4
− m2
H2
)1/2, in de Sitter space. This
important case includes a class of scalar inflaton fields in inflation models and has direct applications
to cosmology of the early Universe. The power spectrum (13) is to be regularized to the adiabatic
2nd-order [32] as the following
∆2k reg =
k3
2pi2a2
(
|vk(τ)|2 − |v(2)k (τ)|2
)
=
k3
2pi2a2
(
|vk(τ)|2 − (2W (2)k )−1
)
(29)
where (W
(2)
k )
−1 is given by (B.10). The resulting regularized power spectrum at |τ | = 1 is plotted
in dashed line in Figure 1(a) for de Sitter inflation. The result agrees with that of Ref [32]. It is
revealing to examine the behavior of spectrum at high k. By (A.2), in terms of k,
∆2k =
k2
4pi2a2
(
1 +
4ν2 − 1
8x2
+
3(4ν2 − 1)(4ν2 − 9)
128x4
+
5(4ν2 − 1)(4ν2 − 9)(4ν2 − 25)
1024x6
+ ...
)
, (30)
and, by (B.10) and using
ω =
1
|τ |
(
x+
9− 4ν2
8 x
− (4ν
2 − 9)2
128 x3
− (4ν
2 − 9)3
1024 x5
− 5 (4ν
2 − 9)4
32768 x7
+ ...
)
, (31)
(2ω)−1 ≃ |τ |
( 1
2x
+
4ν2 − 9
16x3
+
3 (4ν2 − 9)2
256x5
+
5 (4ν2 − 9)3
2048x7
+ ...
)
, (32)
(In the following we shall set |τ | = 1 in the relevant expressions to avoid lengthy notations.)
(2W (2))−1 =
1
2k
(
1 +
4ν2 − 1
8x2
+
3(4ν2 − 1)(4ν2 − 9)
128x4
+
5(4ν2 − 9)2(4ν2 − 17)
1024x6
+ ...
)
. (33)
The first two terms in (33) just cancel the first two divergent terms of (30), so that the regularized
spectrum becomes UV convergent. The third term 3(4ν
2−1)(4ν2−9)
128x4
of (33) happens to cancel the
convergent third term of (30), and, as a result, the regularized power spectrum is dominated by
the fourth term at high k,
∆2k reg ≃
H2x2
4pi2
5(9− 4ν2)
8x6
=
5
8pi2x4
m2
H2
∝ k−4 (34)
which is positive and UV convergent. As a check, when ∆2k reg is multiplied by k
2, it is found that
k2∆2k reg is UV convergent. This property has an important implication to a proper prescription for
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regularization of the stress tensor. Equivalently, the high k behavior can be also given in terms of
ω, by (A.6) at |τ | = 1,
∆2k =
k3
2pi2a2
( 1
2ω¯
+
1
2ω¯3
− 3 (4ν
2 − 9)
32ω¯5
− 5 (4ν
2 − 9) (4ν2 + 7)
256ω¯7
+
35 (176ν4 − 472ν2 + 171)
1024ω¯9
+ ...
)
(35)
where ω¯ ≡ (k2 + m2
H2
)1/2, and by (B.10),
(2W (2))−1 =
1
2ω¯
+
1
2ω¯3
+
3
(
9
4
− ν2)
8ω¯5
− 5
(
9
4
− ν2)2
16ω¯7
, (36)
so the ω−1, ω−3, ω−5 terms are canceled, yielding
∆2k reg ≃
H2x3
2pi2
5(9− 4ν2)
16ω¯7
(37)
which is equivalent to (34).
The several points should be mentioned. First, the regularized power spectrum has a factor
(9 − 4ν2) ∝ m2, so that it is zero at m = 0. Second, for the massive field, ω = m
H
at k = 0,
the subtraction term (36) based on 1/ω expansion is IR finite and smaller than |vk|2, so that
regularization does not alter the convergence pattern of the power spectrum at low k, as shown
in Figure 1(c). Third, in regard to inflation cosmology, the effects upon the power spectrum of
massive field by regularization is small in low k range of the observations of CMB anisotropies
(k|τ1| ≃ 10−28 ∼ 10−25). This is in contrast to a massless field, like RGW and scalar metric
perturbations, for which the IR distortions by regularization fall into the range of cosmological
observations [35, 36].
If we try to regularize the power spectrum for ξ = 0 to the 0th adiabatic order, we would get
k3
2pi2a2
(
|vk|2 − |v(0)k |2
)
=
k3
2pi2a2
(
|vk|2 − 1
2ω
)
≃ H
2x3
2pi2
1
2x3
=
H2
4pi2
∝ k0,
so that the logarithmic divergence still exists. If we try the 4th order regularization, by (B.20)
(B.22),
k3
2pi2a2
(
|vk|2 − |v(4)k |2
)
=
k3
2pi2a2
(
|vk|2 − (2W (4))−1
)
,
the resulting spectrum will take negative values, as shown by the dashed line in Figure 2(a). This
is also checked at high k as follows. With |vk|2 in (A.2) and (2W (4))−1 in (B.20)
(2W (4))−1 ≃ 1
2k
(
1 +
4ν2 − 9
8x2
+
3(4ν2 − 9)(4ν2 − 1)
128x4
+
5(4ν2 − 9)(4ν2 − 1)(4ν2 − 25)
1024x6
+
35(4ν2 − 9)2(16ν4 − 264ν2 + 705)
32768x8
+ ...
)
, (38)
the difference is
k3
2pi2a2
(
|vk|2 − (2W (4))−1
)
≃ k
3
2pi2a2
1
2k
175 (4ν2 − 9)
32x8
= −H
2
2pi2
175m
2
H2
64x6
∝ −k−6 < 0. (39)
Not only the k2, k0 divergent terms, but also the k−2, k−4 convergent terms have been removed.
Thus, the 4th order regularization of power spectrum is an incorrect prescription, as it subtracts
more than necessary and violates the minimal subtraction rule. The negativeness will also occur
for the 4th order regularization of stress tensor in the following.
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Figure 2: The model ξ = 0. (a) Blue: the unregularized ∆2k. Red Dash: the 4th-order regularized power
spectrum is negative. (b) Blue: the unregularized ρk. Red: ρkA 4. Green: (ρk−ρkA4) which is negative for
all k|τ | & 0.1 because ρkA 4 is higher than ρk. (c) (ρk − ρk A4), enlarged from (b). (d) Blue: the pressure
pk. Red: pkA4. Green: (pk − pkA4).
Now consider the adiabatic regularization of spectral energy density and spectral pressure. First
we try the 4th-order regularization. The unregularized ρk for ξ = 0 during de Sitter inflation and
its asymptotic high-k and high-ω¯ expansions are the following
ρk =
H4
16pi
(
x2
∣∣∣∣ ddx(x3/2H(2)ν (x))
∣∣∣∣
2
+ x5|H(2)ν (x)|2 + (
9
4
− ν2)x3|H(2)ν (x)|2
)
≃ H
4
16pi
(
4x4
pi
+
(13− 4ν2) x2
2pi
− (4ν
2 − 9)(4ν2 − 1)
32pi
− (4ν
2 − 9)(4ν2 − 1)(4ν2 + 11)
256pix2
−5(4ν
2 − 9)(4ν2 − 1)(4ν2 − 25)(4ν2 + 47)
8192pix4
−7(4ν
2 − 9)(4ν2 − 1)(4ν2 − 25)(4ν2 − 49)(4ν2 + 99)
65536pix6
−21(4ν
2 − 9)(4ν2 − 1)(4ν2 − 25)(4ν2 − 49)(4ν2 − 81)(4ν2 + 167)
1048576pix8
+ ...
)
(40)
≃ H
4
16pi
4x3
pi
[
ω¯ +
1
2ω¯
+
9
4
− ν2
2ω¯3
− (
9
4
− ν2) (4ν2 − 29)
32ω¯5
− 5(
9
4
− ν2) (76ν2 − 59)
128ω¯7
10
−7(
9
4
− ν2) (32ν4 − 1108ν2 + 171)
256ω¯9
+
21(9
4
− ν2)(320ν6 + 44176ν4 − 366724ν2 + 90963)
32768ω¯11
+ ...
]
. (41)
The first term, either in terms of k or ω¯, is quartic divergent, analogous to that in the Minkowski
spacetime. The first three terms, either in terms of ω¯ or in terms of k, are divergent, and the
remaining are convergent. The subtraction term for spectral energy density with general m and ξ
is listed in (C.6) in Appendix C, and, for the de Sitter inflation and ξ = 0, it is
ρk A4 =
H4
16pi
4x3
pi
[
ω¯ +
1
2ω¯
+
9
4
− ν2
2ω¯3
+
(9
4
− ν2)(29
4
− ν2)
8ω¯5
+
95(9
4
− ν2)2
32ω¯7
− 7(
9
4
− ν2)3
8ω¯9
− 105(
9
4
− ν2)4
128ω¯11
]
(42)
≃ H
4
16pi
(
4x4
pi
+
(13− 4ν2)x2
2pi
− (4ν
2 − 9)(4ν2 − 1)
32pi
− (4ν
2 − 9)(4ν2 − 1)(4ν2 + 11)
256pix2
−5(4ν
2 − 9)2(16ν4 + 120ν2 − 927)
8192pix4
− 7(4ν
2 − 9)3 (16ν4 + 168ν2 − 5451)
65536pix6
−21(4ν
2 − 9)4 (16ν4 + 152ν2 − 17895)
1048576pix8
+ ...
)
. (43)
The 4th-order regularized spectral energy density
ρk − ρk A4 (44)
is negative at high k as shown in Figure 2(b) and Figure 2(c) for m
2
H2
= 0.1. We analytically check
this at high k as the following. By comparing (41) and (42), the first four terms of ρk are canceled
by ρk A4, including its convergent ω¯
−5 term, and the remaining is dominated by the ω¯−7 term,
ρk − ρk A4 ≃ H
4
16pi
4x3
pi
35 (4ν2 − 9)
32ω¯7
< 0 (45)
which is negative. Or, equivalently, comparing (40) and (43) in terms of k, the first four terms
(∝ x4, x2, x0, x−2) of ρk are canceled, leaving
ρk − ρk A4 ≃ H
4
16pi
35 (4ν2 − 9)
8pix4
= − H
4
16pi
35m
2
H2
2pix4
∝ −k−4 < 0 (46)
which is negative, and equal to (45) up to the order k−4. This negativeness is a difficulty of the
conventional 4th-order regularization of spectral energy density for a massive scalar field. By the
4th-order prescription (42), the subtraction term ρkA4 contains the terms from ω up to ω
−11, which
are more than necessary for removing the UV divergences. This is also seen in the k expansion of
ρkA4 of (43), among which the k
4, k2, k0 terms are sufficient for removing the UV divergences. So
the 4th-order subtraction removes too much and violates the minimal subtraction rule [21], causing
a negative regularized spectral energy density.
We also give the 4th-order regularization of the spectral pressure for ξ = 0,
pk =
H4
16pi
(
x2
∣∣∣∣ ddx(x3/2H(2)ν (x))
∣∣∣∣
2
− 1
3
x5|H(2)ν (x)|2 − (
9
4
− ν2)x3|H(2)ν (x)|2
)
11
=
H4
16pi
(
4x4
3pi
+
(4ν2 − 13)x2
6pi
+
(4ν2 − 9) (4ν2 − 1)
32pi
+
5 (4ν2 − 9) (4ν2 − 1) (4ν2 + 11)
768pix2
+
35 (4ν2 − 9) (4ν2 − 1) (4ν2 − 25) (4ν2 + 47)
24576pix4
+
21 (4ν2 − 9) (4ν2 − 1) (4ν2 − 25) (4ν2 − 49) (4ν2 + 99)
65536pix6
+
77 (4ν2 − 9) (4ν2 − 1) (4ν2 − 25) (4ν2 − 49) (4ν2 − 81) (4ν2 + 167)
1048576pix8
+
143(4ν2 − 1)(4ν2 − 9)(4ν2 − 25)(4ν2 − 49)(4ν2 − 81)(4ν2 − 121)(4ν2 + 251)
8388608pix10
+ ...
)
(47)
=
H4
16pi
4x3
pi
1
3
[
ω¯ +
ν2 − 11
4
ω¯
+
ν2 − 9
4
ω¯3
+
(ν2 − 9
4
)(28ν2 + 37)
32ω¯5
− 5(4ν
2 − 9)(4ν4 + 95ν2 − 38)
128ω¯7
−7(4ν
2 − 9)(2096ν4 − 24544ν2 + 5733)
2048ω¯9
+
21(4ν2 − 9)(448ν6 + 599216ν4 − 4289708ν2 + 1037529)
32768ω¯11
+
33(4ν2 − 9)(8960ν8 + 2471424ν6 − 88933920ν4 + 480721088ν2 − 114648777)
131072ω¯13
+ ...
]
,
(48)
and by (C.7) the 4th-order subtraction term for pressure is
pkA4 =
H4
16pi
4x3
pi
1
3
[
ω¯ +
4ν2 − 11
4ω¯
+
4ν2 − 9
4ω¯3
− −112ν
4 + 104ν2 + 333
128ω¯5
−5(9− 4ν
2)2(ν2 + 26)
128ω¯7
− 917(4ν
2 − 9)3
2048ω¯9
+
147(9− 4ν2)4
32768ω¯11
+
1155(4ν2 − 9)5
131072ω¯13
]
(49)
=
H4
16pi
(
4x4
3pi
+
(4ν2 − 13)x2
6pi
+
(4ν2 − 9)(4ν2 − 1)
32pi
+
5(4ν2 − 1)(4ν2 − 9) (4ν2 + 11)
768pix2
+
35(4ν2 − 9)2(16ν4 + 120ν2 − 927)
24576pix4
+
21(4ν2 − 9)3(16ν4 + 168ν2 − 5451)
65536pix6
+
77(4ν2 − 9)4 (16ν4 + 152ν2 − 17895)
1048576pix8
+ ...
)
, (50)
so the 4th-order regularized spectral pressure for ξ = 0 is given by
pk − pkA4 ≃ H
4
16pi
4x3
pi
−245 (4ν2 − 9)
96ω7
∝ k−4 (51)
which is positive except at k|τ | & 0.15, as shown in Figure 2(d). A negative, or positive spectral
pressure is allowed, from physics point of view. Thus, we mainly focus on the negativeness of
spectral energy density in this paper.
To avoid the difficulty of the negative spectral energy density, according to the minimal sub-
traction rule [21], we propose the 2nd-order regularization for the stress tensor with ξ = 0, i.e., the
same adiabatic order as we have done upon the power spectrum. The 2nd-order subtraction term
12
by (C.4) for ξ = 0 is expressed in terms of ω¯, and in terms of k as the following
ρkA2 ≃ H
4
16pi
4x3
pi
(
ω¯ +
1
2ω¯
+
9
4
− ν2
2ω¯3
+
(
9
4
− ν2)2
8ω¯5
)
(52)
≃ H
4
16pi
(
4x4
pi
+
(13− 4ν2)x2
2pi
− (4ν
2 − 9)(4ν2 − 1)
32pi
− (4ν
2 − 9)2(4ν2 + 19)
256pix2
+ ...
)
,
(53)
the 2nd-order regularized spectral energy density is
ρk reg = ρk − ρkA2. (54)
The result is positive and UV convergent, as shown in Figure 3(a) and Figure 3(b), in contrast to
the negative result by the 4th-order. It is amazing that although ρkA2 is defined with only two
time derivatives of a(τ), it is actually sufficient to cancel all the quartic, quadratic, and logarithmic
divergences in ρk. We analyze how this happens at high k. Comparing (41) and (52) in ω¯ expansion,
the first three ω¯, ω¯−1, ω¯−3 divergent terms of ρk are canceled, nevertheless, the convergent ω¯−5 term
remains. By inspection of (42) and (52), the ω¯−5 term of ρk A4 has canceled that same term of ρk,
but the ω¯−5 term of ρkA2 does not canceled that of ρk. This leads to a big difference between the
2nd- and 4th-order regularization. Equivalently, comparing (40) and (53) in k expansion, the first
three x4, x2, x0 divergent terms of ρk are canceled by ρkA2, but the x
−2 convergent term remains,
unlike what happens with ρkA4. Again this is because the x
−2 term of ρk A2 has a different coefficient
from that of ρkA4. Thus, 2nd-order regularized spectral energy density at high k,
ρk reg ≃ H
4
16pi
4x3
pi
5 (9− 4ν2)
32ω¯5
≃ H
4
16pi
(5 (9− 4ν2)
8pix2
) ∝ m2H2k−2 > 0, (55)
is positive and UV convergent, indeed.
The 2nd-order subtraction term (C.5) for pressure with ξ = 0 is
pkA2 =
H4
16pi
4x3
pi
1
3
(
ω¯ +
4ν2 − 11
4ω¯
+
4ν2 − 9
4ω¯3
+
7 (9− 4ν2)2
128ω¯5
− 5 (4ν
2 − 9)3
521ω¯7
)
, (56)
and the 2nd-order regularized spectral pressure is
pk reg = pk − pkA2 (57)
which is UV convergent, but is negative for all k, as shown in Figure 3(c). At high k it behaves as
pk reg ≃ H
4
16pi
4x3
pi
(
25(4ν2 − 9)
96ω¯5
) ∝ −m2H2k−2 < 0. (58)
A negative spectral pressure is allowed, from point of view of physics. The trace at high k is
〈T µ µ〉k ≃ H
4
16pi
(
(13− 4ν2)x2
pi
− (4ν
2 − 9)(4ν2 − 1)
8pi
− 3(4ν
2 − 9)(4ν2 − 1)(4ν2 + 11)
128pix2
−5(4ν
2 − 9)(4ν2 − 1)(4ν2 − 25)(4ν2 + 47)
1024pix4
−35(4ν
2 − 9)(4ν2 − 1)(4ν2 − 25)(4ν2 − 49)(4ν2 + 99)
32768pix6
+ ...
)
(59)
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Figure 3: The model ξ = 0. (a) Blue: the unregularized ρk. Red: the subtraction term ρkA2. Green: the
2nd-order regularized (ρk − ρk A2). (b) (ρk − ρkA2) is positive and UV-convergent. This is enlarged from
(a). (c) Blue: the unregularized pk; Green: the subtraction term pkA2; Red: the regularized (pk − pkA2)
becomes UV-convergent and is negative for all k. (d) The 4th (Red), 2nd (Purple), 0th (Blue) -order
subtraction terms, compared with the unregularized ρk (Dashed).
≃ H
4
16pi
4x3
pi
[
13
4
− ν2
ω¯
+
3(9
4
− ν2)
2ω¯3
− 3(4ν
2 − 9)(4ν2 + 11)
64ω¯5
+
5(4ν2 − 9)(16ν4 + 456ν2 − 211)
512ω¯7
+
105(4ν2 − 9)(144ν4 − 1784ν2 + 405)
2048ω¯9
+ ...
]
, (60)
and the 2nd-order regularized spectral trace at high k is
〈T β β〉k reg = (ρk reg − 3pk reg) ≃ H
4
16pi
4x3
pi
15(9− 4ν2)
16ω¯5
. (61)
Observe that the k-modes of regularized stress tensor in the vacuum state are not maximally
symmetric,
〈Tµν〉k reg 6= 1
4
gµν〈T β β〉k reg. (62)
By numerical integration over k, the regularized energy density and pressure for the model m
2
H2
= 0.1
are
ρreg =
∫ ∞
0
(ρk − ρkA2)dk
k
≃ 0.895913H
4
16pi
= 89.5913
m4
16pi
> 0, (63)
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preg =
∫ ∞
0
(pk − pkA2)dk
k
≃ −0.895913H
4
16pi
= −89.5913m
4
16pi
< 0, (64)
and the regularized trace is
〈T µ µ〉reg = 4ρ reg = 3.58365H
4
16pi
. (65)
Therefore, the regularized stress tensor with ξ = 0 in the BD vacuum is maximally symmetric,
〈Tµν〉reg = 1
4
gµν〈T β β〉reg. (66)
(For a model m
2
H2
= 1, the numerical integrations give ρreg = −preg ≃ 0.737829H416pi , which are of the
same magnitude as in the m
2
H2
= 0.1 model.) (66) and (62) tells that the regularized stress tensor
is maximally symmetric, but it is distributed nonuniformly in the k-modes. This is an interesting
feature of the structure of the massive scalar field in the vacuum during de Sitter inflation. (63)
and (64) give an equation of state in the vacuum w ≡ preg/ρreg = −1, which is the same as that of
the cosmological constant. Thus, the regularized 〈Tµν〉reg in the vacuum state may be used as the
background stress tensor that drives the de Sitter inflation. In connection with inflation cosmology,
for models with H2 . G−1, the regularized ρreg in (63) will be smaller than the inflation energy
density, 3H2/(8piG). However, if the magnitude of ρreg is comparable to the inflation energy density,
it will be able to play the role to drive the inflation and the resulting inflation expansion rate will
be H ∼ G−1/2 which is generally allowed. Thus, the massive scalar field in the vacuum can play a
double role: its regularized 〈Tµν〉reg drives the inflation, while its k-modes φk together with other
metric perturbations constitute the primordial fluctuations during inflation which leave imprints
upon CMB anisotropies and polarization [6]. We have also checked that the four-divergence of the
2nd-order subtraction terms for the stress tensor is zero, so that the 2nd-order regularized spectral
stress tensor respects the covariant conservation. (See (C.16) (C.17) in Appendix C.) Hence, the
2nd-order adiabatic regularization yields a positive, UV-convergent, covariantly-conserved spectral
energy density for the minimally-coupling, massive scalar field. It is very satisfying that the same
2nd-order regularization works simultaneously for the power spectrum and the spectral stress tensor
with ξ = 0.
We also examine the 0th-order regularization. The subtraction term for spectral energy density
(C.1) is
ρk A0 =
k3
4pi2a4
ω ≃ H
4
16pi
(
4x4
pi
+
(9− 4ν2) x2
2pi
−
(
9
4
− ν2)2
2pi
+
(
9
4
− ν2)3
4pix2
+ ...
)
(67)
which removes only the quartic divergence of ρk in (40), but the quadratic and logarithmic diver-
gences remain. So the 0th-order regularization fails.
For comparison, we plot the subtraction terms ρkA0, ρk A2, ρk A4, and the unregularized ρk in
one graph in Figure 3(d). It reveals that ρk A4 is higher than ρk around k|τ | & 0.1, leading to a
negative spectral energy density, ρkA2 is lower than ρk and gives a positive spectral energy density,
ρkA0 is too low.
With regard to renormalization, since the 2nd-order subtraction terms ρkA2 and pkA2 involve
only up to the second order time derivatives of metric, one does not need the fourth order time
derivative counter terms (1)Hµν ,
(2)Hµν in renormalization [1,8,28]. The 0th-order divergent terms
after k-integration
〈T 0 0〉(0) = 1
4pi2a4
∫ ∞
0
dkk2ω, 〈T 1 1〉(0) = − 1
12pi2a4
∫ ∞
0
dkk2
[
ω − m
2a2
ω
]
, (68)
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will be absorbed by renormalizing the cosmological constant Λ, and the 2nd-order divergent terms
after the k integration
〈T 0 0〉(2) = 1
4pi2a4
∫ ∞
0
dkk2(−1
6
)
[
− 3
ω
a′ 2
a2
− 3m
2a′ 2
ω3
]
, (69)
〈T 1 1〉(2) = − 1
12pi2a4
∫ ∞
0
dkk2(−1
6
)
[ 1
ω
(6
a′′
a
− 9a
′ 2
a2
) +
6m2a2
ω3
(
a′′
a
− a
′ 2
a2
)
]
(70)
will be absorbed by renormalizing the gravitation constant G, in the same manner as described in
Refs. [1, 28].
Now we study the massless minimally-coupling scalar field. The exact solution for m = 0 = ξ is
vk(τ) = −
√
pi
2
√
x
2k
H
(1)
3
2
(x) = − 1√
2k
(
1− i
x
)
eix, (71)
the unregularized stress tensor (24) (25) reduces to
ρk =
k3
4pi2a4
(
k +
1
2kτ 2
)
, pk =
k3
12pi2a4
(
k − 1
2kτ 2
)
. (72)
The 2nd-order subtraction terms (C.4) (C.5) reduce to
ρk A2 =
k3
4pi2a4
(
k +
1
2kτ 2
)
, pkA2 =
k3
12pi2a4
(
k − 1
2kτ 2
)
, (73)
which are just equal to the unregularized (72). Thus, we arrive at a zero regularized stress tensor
〈T µν〉k reg = 0. (74)
This vanishing result also follows directly from the massless limit of (55) (58). (A zero regularized
stress tensor also occurs for RGW during de Sitter inflation [35, 36], whose equation is similar to
a massless minimally-coupling scalar field.) The unregularized power spectrum for m = 0 = ξ
contains only two terms,
∆2k =
k3
2pi2a2
|vk|2 = k
3
2pi2a2
1
2k
(1 +
1
x2
) (75)
where the first term is UV divergent, and the second term is both IR and UV log divergent. Both
terms are to be removed. And after adiabatic subtraction the regularized spectrum is also zero [32]
∆2k reg =
k3
2pi2a2
(
|vk|2 − |v(2)k |2
)
=
k3
2pi2a2
( 1
2k
(1 +
1
x2
)− ( 1
2k
+
1
2kx2
)
)
= 0 (76)
where |v(2)k |2 is given by (B.10). The result (76) also follows from the massless limit of (34) or
(37) of the massive scalar field. Hence, for the minimally-coupling massless scalar field in de Sitter
space, the 2nd-order regularization yields a zero stress tensor and a zero power spectrum. We also
observe that in this case the 4th-order regularization is actually equivalent to the 2nd-order one,
ρk A4 = ρk A2, pkA4 = pk A2, (77)
as is seen from the 4th-order subtraction terms (C.6) (C.7), together with the relations (C.9) (C.10)
in de Sitter space. We like to mention that the zero result (74) and (76) of the massless field may
not be true in a general RW spacetime. For instance, RGW has nonzero regularized power spectrum
and stress tensor during the quasi de Sitter inflation [35, 36].
16
The lesson of the ξ = 0 case is that, the 2nd-order adiabatic mode v
(2)
k regularizes simultaneously
both the power spectrum and the stress tensor in a consistent manner. That is, when the power
spectrum (∝ |vk|2) is correctly regularized by the 2nd-order subtraction term |v(2)k |2, the spectral
energy density (∝ |(vk
a
)′|2 + k2
a2
|vk|2 +m2|vk|2) will be regularized also correctly by the 2nd-order
subtraction term |(v
(2)
k
a
)′|2+ k2
a2
|v(2)k |2+m2|v(2)k |2. This outcome can be further analyzed term by term
as the following. When |vk|2 is regularized correctly by |v(2)k |2, giving a positive, UV convergent
result, it is obvious that m2|vk|2 after regularization is also positive and UV convergent. Next
the k
2
a2
|vk|2 term which has an extra factor k2. Since the regularized power spectrum ∝ k−4 as
indicated by (34), so multiplying it by the factor k2 will give a regularized k
2
a2
|vk|2 term which is
still k−2 convergent. Finally the time derivative term |(vk
a
)′|2. Since vk/a and v(2)k /a are ∝ e−ikτ
at high k, the effect of time differentiation is to bring a factor −ik, so that (|(vk
a
)′|2 − |(v
(2)
k
a
)′|2) ∝
k2(|(vk
a
)|2 − |(v
(2)
k
a
)|2), which is also k−2 convergent.
In a general curved spacetime, the possible scheme of adiabatic regularization may be different
from the 2nd order. One needs to study concretely and to see what is the appropriate scheme.
As pointed out in Refs. [33, 34], a prescription of adiabatic regularization may be not unique from
perspective of renormalization, because the infinities to be absorbed into the bare constants can
always carry along a finite term, and each different finite term will correspond to a different scheme
of regularization.
4 The regularization of scalar field with ξ = 16
Now we consider the massive scalar field with ξ = 1
6
, i.e., ν = (1
4
− m2
H2
)1/2. This is also an interesting
case, and the field equation (5) in massless limit reduces to that in Minkowski spacetime. As in
the last section, we also explore the 0th-, 2nd-, 4th-order regularization, respectively.
First the power spectrum. The 0th-order regularization is given by
∆2k reg =
k3
2pi2a2
(
|vk|2 − |v(0)k |2
)
=
k3
2pi2a2
(
|vk|2 − 1
2ω
)
. (78)
The result is a positive, UV-convergent power spectrum, as shown in Figure 4(a). This can be
checked at high k. Expanding in terms of ω¯, using |vk|2 of (A.7), we have
∆2k =
H2x3
2pi2
( 1
2ω¯
+
3(1− 4ν2)
32ω¯5
+
5(1− 4ν2)(4ν2 − 25)
256ω¯7
+ ...
)
. (79)
Only the first term is UV divergent, and it is removed by the subtraction term, so the regularized
power spectrum at high ω is
∆2k reg ≃
H2x3
2pi2
(3(1− 4ν2)
32ω¯5
+
5(1− 4ν2)(4ν2 − 25)
256ω¯7
+ ...
)
∝ k−2 > 0 (80)
which is positive. Or, in terms of k, by
(2ω)−1 ≃ |τ |
( 1
2x
+
4ν2 − 1
16x3
+
3 (4ν2 − 1)2
256x5
+
5 (4ν2 − 1)3
2048x7
+ ...
)
, (81)
and by (A.2), the regularized power spectrum at high k is
∆2k reg ≃
H2x3
2pi2
(3(1− 4ν2)
32x5
+
5 (1− 4ν2) (4ν2 − 7)
64x7
+ ...
)
∝ k−2 > 0 (82)
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Figure 4: The model ξ = 16 . (a) The 0th-order regularized power spectrum ∆
2
k reg is positive and UV
convergent. (b) Red Dashed: the 4th-order regularized power spectrum. Purple: the 2nd-order. Both
have negative values. (c) Blue: the unregularized ρk. Red: the subtraction term ρkA0. Green: (ρk−ρkA0)
is positive, IR- and UV-convergent. (d) (ρk − ρkA0), enlarged from (c).
which is equivalent to (80). The regularized power spectrum has a factor (1− 4ν2) = 4m2
H2
, so that
it will be zero for m = 0. We also find that the 2nd- and 4th-order regularization fail to give a
positive-definite power spectrum for ξ = 1
6
, as shown in Figure 4(b).
Next the spectral stress tensor. The unregularized ρk at high k and high-ω¯ is the following
ρk =
H4
16pi
(
x4
∣∣∣∣ ddx(x1/2H(1)ν (x))
∣∣∣∣
2
+ x5|H(1)ν (x)|2 + (
1
4
− ν2)x3|H(1)ν (x)|2
)
≃ H
4
16pi
(4x4
pi
+
(1− 4ν2)x2
2pi
− (1− 4ν
2)
2
32pi
− (1− 4ν
2)2(4ν2 − 9)
256pix2
−5(1− 4ν
2)2(4ν2 − 9)(4ν2 − 25)
8192pix4
− 7(1− 4ν
2)2(4ν2 − 9)(4ν2 − 25)(4ν2 − 49)
65536pix6
−21(1− 4ν
2)2(4ν2 − 9)(4ν2 − 25)(4ν2 − 49)(4ν2 − 81)
1048576pix8
+ ...
)
(83)
≃ H
4
16pi
4x3
pi
[
ω¯ +
(1− 4ν2)2
128ω¯5
− 15(1− 4ν
2)2
512ω¯7
− 21(1− 4ν
2)2(4ν2 − 13)
1024ω¯9
18
−105(1− 4ν
2)2(16ν4 − 584ν2 + 1297)
32768ω¯11
+ ...
]
. (84)
In terms of powers of ω¯, (84) does not contain ω¯−1 nor ω¯−3 terms, in contrast to (41) of ξ = 0.
The first term in (84) is quartic divergent, and the remaining terms are convergent. So, to achieve
UV convergence, we need only to remove the ω¯ term in (84). In terms of powers of k, the first
three terms in (83) are k4, k2, k0 divergent respectively. The spectral pressure for ξ = 1
6
at high k
and high-ω¯ is
pk =
H4
16pi
(
x4
∣∣∣∣ ddx(x1/2H(1)ν (x))
∣∣∣∣
2
+ x5|H(1)ν (x)|2 − (
1
4
− ν2)x3|H(1)ν (x)|2
)
≃ H
4
16pi
(
4x4
3pi
+
(4ν2 − 1) x2
6pi
+
(1− 4ν2)2
32pi
+
5 (1− 4ν2)2 (4ν2 − 9)
768pix2
+
35 (1− 4ν2)2 (4ν2 − 9)(4ν2 − 25)
24576pix4
+
21(1− 4ν2)2(4ν2 − 9)(4ν2 − 25)(4ν2 − 49)
65536pix6
+
77(1− 4ν2)2(4ν2 − 9)(4ν2 − 25)(4ν2 − 49) (4ν2 − 81)
1048576pix8
+
143(1− 4ν2)2(4ν2 − 9)(4ν2 − 25)(4ν2 − 49)(4ν2 − 81) (4ν2 − 121)
8388608pix10
+ ...
)
≃ H
4
16pi
4x3
pi
[
ω¯
3
+
4ν2 − 1
12ω¯
− 5 (1− 4ν
2)
2
384ω¯5
− 5 (1− 4ν
2)
2
(2ν2 − 11)
768ω¯7
(85)
+
7(1− 4ν2)2(92ν2 − 239)
2048ω¯9
+
7(1− 4ν2)2(2032ν4 − 36152ν2 + 72271)
32768ω¯11
+
55(1− 4ν2)2(448ν6 − 62640ν4 + 602628ν2 − 1045309)
131072ω¯13
+ ...
]
, (86)
and the spectral trace for ξ = 1
6
is
ρk − 3pk ≃ H
4
16pi
(
(1− 4ν2)x2
pi
− (1− 4ν
2)2
8pi
− 3(1− 4ν
2)2(4ν2 − 9)
128pix2
−5(1− 4ν
2)2(4ν2 − 9)(4ν2 − 25)
1024pix4
− 35(1− 4ν
2)2(4ν2 − 9)(4ν2 − 25)(4ν2 − 49)
32768pix6
−63(1− 4ν
2)2(4ν2 − 9)(4ν2 − 25)(4ν2 − 49) (4ν2 − 81)
262144pix8
−231(1− 4ν
2)2(4ν2 − 9)(4ν2 − 25)(4ν2 − 49)(4ν2 − 81)(4ν2 − 121)
4194304pix10
+ ...
)
(87)
≃ H
4
16pi
4x3
pi
[
1
4
− ν2
ω¯
+
3(1− 4ν2)2
64ω¯5
+
5(1− 4ν2)2(4ν2 − 25)
512 ω¯7
−105(1− 4ν
2)2(20ν2 − 53)
2048 ω¯9
− 63(1− 4ν
2)2(176ν4 − 3256ν2 + 6563)
8192 ω¯11
+
1155(1− 4ν2)2(64ν6 − 9456ν4 + 92268ν2 − 160717)
131072¯ω13
+ ...
]
. (88)
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In the ω¯ expansion the spectral trace has only an ω¯−1 divergent term, and, in the k expansion, it
has only k2, k0 divergences. There is a common factor (1 − 4ν2) = 4m2
H2
, so in the limit m = 0 the
trace is zero, consistent with its definition (16).
The 0th-order subtraction term for spectral energy density (C.1) is written as
ρkA0 =
H4
16pi
4x3
pi
ω¯ (89)
≃ H
4
16pi
(
4x4
pi
+
(1− 4ν2) x2
2pi
− (1− 4ν
2)
2
32pi
+
(1− 4ν2)3
256pix2
+ ...
)
. (90)
In terms of ω¯, it cancels the only ω¯ divergent term of ρk in (84), or in terms of k, it cancels all the
k4, k2, k0 divergent terms of ρk in (83). The 0th-order regularized spectral energy density
ρk reg = ρk − ρk A0 (91)
is positive, UV convergent, as shown in Figure 4(c) and Figure 4(d). At high k, it is dominated by
the 4th term
ρk reg ≃ H
4
16pi
4x3
pi
[
(1− 4ν2)2
128ω¯5
− 15(1− 4ν
2)2
512ω¯7
− 21(1− 4ν
2)2(4ν2 − 13)
1024ω¯9
−105(1− 4ν
2)2(16ν4 − 584ν2 + 1297)
32768ω¯11
+ ...
]
(92)
≃ H
4
16pi
(1− 4ν2)2
32pix2
∝ k−2 > 0 (93)
which is k−2 convergent at high k. For the spectral pressure, the 0th-order subtraction term is
given by (C.2) and is written as
pk A0 =
H4
16pi
4x3
pi
[ ω¯
3
− (1− 4ν
2)
12ω¯
]
, (94)
and the regularized pressure is given by
pk reg = pk − pkA0 (95)
which is negative for the whole range of k, as shown in Figure 5(a). This is checked at high k,
pk − pkA0 ≃ H
4
16pi
4x3
pi
[
− 5 (1− 4ν
2)
2
384ω¯5
− 5 (1− 4ν
2)
2
(2ν2 − 11)
768ω¯7
+
7(1− 4ν2)2(92ν2 − 239)
2048ω¯9
+
7(1− 4ν2)2(2032ν4 − 36152ν2 + 72271)
32768ω¯11
+ ...
]
(96)
≃ − H
4
16pi
4x3
pi
5 (1− 4ν2)2
384ω¯5
< 0 (97)
which is negative. Again a negative pressure is allowed. The 0th-order subtraction term for the
trace is
ρk A0 − 3pkA0 = H
4
16pi
4x3
pi
(1− 4ν2)
4ω¯
(98)
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Figure 5: The model ξ = 16 . (a) The 0th-order regularized spectral pressure (pk − pkA0). (b) Blue: the
unregularized ρk. Red: the subtraction term ρk A2. Green: (ρk − ρk A2) is negative for all k. (c) Blue: the
unregularized ρk. Red: the subtraction term ρkA4 of (107). Green: (ρk − ρkA4) is negative for k|τ | . 0.3.
(d) The 4th (Red), 2nd (Purple), 0th (Blue) -order subtraction terms, compared with the unregularized
ρk (Dashed).
which is proportional to m2. The difference between (88) and (98) gives the 0th-order regularized
spectral trace
〈T µ µ〉k reg ≃ H
4
16pi
4x3
pi
[
3(1− 4ν2)2
64ω¯5
+
5(1− 4ν2)2(4ν2 − 25)
512 ω¯7
− 105(1− 4ν
2)2(20ν2 − 53)
2048 ω¯9
+ ...
]
(99)
which is UV convergent. The regularized trace has a factor (1 − 4ν2)2 = 16m4
H4
, and vanishes in
the limit m = 0, and no trace anomaly exists. There is a relation between the regularized spectral
trace (99) and the regularized power spectrum (80) for ξ = 1
6
as follows
〈T β β〉k reg = H2(1
4
− ν2)∆2k reg 0 = m2∆2k reg 0 (100)
which, after k-integration, yields
〈T β β〉reg = m2G(0)reg (101)
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where G(0)reg is the regularized, finite auto-correlation function. The result (101) is consistent with
the definition relation (17) for ξ = 1
6
. (See Figure 10(a) for the value of G(0)reg and Sect.6 for the
Green’s function.) After numerical integration over k, the 0th-order regularized energy density and
pressure (for the model m
2
H2
= 0.1) are the following
ρ reg =
∫ ∞
0
(ρk − ρk A0)dk
k
≃ 0.001786H
4
16pi
= 0.1786
m4
16pi
> 0, (102)
p reg
∫ ∞
0
(pk − pkA0)dk
k
≃ −0.001786H
4
16pi
= −0.1786m
4
16pi
< 0, (103)
and the regularized trace
〈T µ µ〉reg = 4ρ reg = 0.007143H
4
16pi
= 0.7143
m4
16pi
. (104)
So the regularized stress tensor with ξ = 1
6
in the vacuum is also maximally symmetric,
〈Tµν〉reg = 1
4
gµν〈T β β〉reg, (105)
similar to Eq.(66) for ξ = 0, although it is nonuniformly distributed among the k-modes. In regard
to the magnitude of vacuum energy density (102) for ξ = 1
6
is about three orders lower than (63)
for ξ = 0. For the regularized stress tensor in the vacuum to drive inflation, one would have a very
high rate expansion H ∼ 50G−1/2 for a model m2
H2
= 0.1 and ξ = 1
6
. Its k-modes φk still can be
part of the primordial fluctuations. As (C.12) (C.13) show, the four-divergence of the 0th-order
subtraction terms for stress tensor is zero, so that the 0th-order regularized spectral stress tensor
respects the covariant conservation. Hence, the 0th-order adiabatic regularization yields a positive,
UV-convergent, covariantly-conserved spectral energy density for the conformally-coupling, massive
scalar field. Thus, the 0th-order regularization works simultaneously for both the power spectrum
and the spectral stress tensor with ξ = 1
6
.
We next examine what happens for the 2nd-order regularization. From (C.4) for ξ = 1
6
the
2nd-order subtraction term is
ρk A2 =
H4
16pi
4x3
pi
[
ω¯ +
(1− 4ν2)2
128ω¯5
]
≃ H
4
16pi
(
4x4
pi
+
(1− 4ν2)x2
2pi
− (1− 4ν
2)
2
32pi
− (1− 4ν
2)
2
(4ν2 − 9)
256pix2
− 5 (4ν
2 − 33) (4ν2 − 1)3
8192pix4
+ ...
)
. (106)
This will subtract too much, removing not only the ω¯ term, but also the ω¯−5 term of (84), or in
terms of k, removing the first four terms of ρk of (83). So, for a conformally-coupling massive
scalar field, the 2nd-order regularization violates the minimal subtraction rule, and is an incorrect
prescription, leading to a negative spectral energy density, as shown in Figure 5(b).
We then examine the 4th-order regularization. From (C.6) for ξ = 1
6
the 4th-order subtraction
22
term is
ρk A4 =
H4
16pi
4x3
pi
[
ω¯ +
(1
4
− ν2)2
8ω¯5
− 15
(
1
4
− ν2)2
32ω¯7
+
21
(
1
4
− ν2)3
16ω¯9
− 105
(
1
4
− ν2)4
128ω¯11
]
(107)
≃ H
4
16pi
(
4x4
pi
+
(1− 4ν2) x2
2pi
− (1− 4ν
2)
2
32pi
− (1− 4ν
2)
2
(4ν2 − 9)
256pix2
−5(1− 4ν
2)2(4ν2 − 9)(4ν2 − 25)
8192pix4
− 7(4ν
2 − 1)3(16ν4 − 328ν2 + 1809)
65536pix6
+ ...
)
.
(108)
This also subtracts off too much, canceling not only the divergent ω¯ term and but also the convergent
ω¯−5, ω¯−7 terms in (107), thus violating the minimal subtraction rule. Or, in terms k, it removes
not only the k4, k2, k0 divergent terms but also the k−2, k−4 convergent terms of ρk in (83). The
resulting spectral energy density (ρk−ρk A4) is negative in the low k range, as shown in Figure 5(c).
Thus, the 4th-order regularization is an incorrect prescription for a conformally-coupling massive
scalar field. We plot ρk A0, ρkA2, ρk A4, ρk together in Figure 5(d), which reveals that only ρk A0 is
lower than ρk and yields a positive ρk reg, whereas ρkA2 and ρkA4 are higher than ρk.
When the power spectrum (∝ |vk|2) is correctly regularized by the 0th-order subtraction term
|v(0)k |2, the spectral energy density (∝ |v′k|2+k2|vk|2+m2a2|vk|2) ∝ ω¯+ (
1−4ν2)2
128ω¯5
will be also correctly
regularized by the 0th-order subtraction term |v(0)k ′|2 + k2|v(0)k |2 +m2a2|v(0)k |2 ∝ ω¯.
With regard to renormalization for the conformally-coupling massive scalar field, the divergent
terms of 〈T µ ν〉 in (84) and (86) are of the 0th-order (no time derivatives of a(τ)), and will be
absorbed by renormalizing the cosmological constant Λ. Neither the gravitation constant nor the
counter terms (1)Hµν ,
(2)Hµν are involved in the renormalization [7].
Now we investigate the conformally-coupling massless scalar field. With m = 0 and ξ = 1
6
, the
exact mode (9) reduces to
vk(τ) ≡ −i
√
pi
2
√
x
2k
H
(2)
1/2(x) =
1√
2k
e−ikτ , (109)
Eqs.(19) (21) reduce to
ρk =
k3
4pi2a4
(|v′k|2 + k2|vk|2) =
k3
4pi2a4
k, pk =
1
3
ρk, (110)
and the trace 〈T µ µ〉k = 0. The spectral energy density and pressure in (110) have only one term, like
in the Minkowski spacetime. The 0th-order subtraction terms (C.1) (C.2) for m = 0 (independent
of ξ) are give by
ρk A0 =
k3
4pi2a4
k, pkA0 =
k3
12pi2a4
k, (111)
just equal to the unregularized stress tensor (110). Thus, the regularized stress tensor is zero, so is
the regularized trace,
〈T µν〉k reg = 0, 〈T β β〉k reg = 0. (112)
Hence, there is no trace anomaly for the conformally-coupling massless scalar field, and the 0th-
order regularization respects the conformal symmetry. The power spectrum has only one term,
∆2k =
k3
2pi2a2
(
|vk(τ)|2
)
=
k3
2pi2a2
1
2k
, (113)
23
which is UV divergent, the 0th-order regularization is also sufficient, giving a vanishing regularized
spectrum
∆2k reg =
k3
2pi2a2
(
|vk(τ)|2 − |v(0)k (τ)|2
)
=
k3
2pi2a2
( 1
2k
− 1
2k
)
= 0. (114)
The vanishing results (112) (114) tell us that the 0th-order adiabatic regularization of the conformally-
coupling massless scalar field in de Sitter space is essentially the same as the conventional regular-
ization (by normal ordering) of the massless scalar field in Minkowski spacetime.
It is an interesting observation that, for the case m = 0 and ξ = 1
6
, the 2nd- and 4th-order
subtraction terms (C.4) (C.5) (C.6) (C.7) are actually equal to the 0th-order terms,
ρkA4 = ρkA2 = ρkA0, pk A4 = pkA2 = pkA0, (115)
and consequently, the 0th-, 2nd-, and 4th-order regularization are the same. This is true not only
for de Sitter space, and but also for a general flat RW spacetime, as is seen from the expressions
(C.4) (C.5) (C.6) (C.7). The relations (115) can be also rechecked as follows. For m = 0 and ξ = 1
6
,
the 0th-order effective frequency W (0) = k, and the 0th-order WKB solution
v
(0)
k =
1√
2W (0)
e−i
∫
W (0)dτ =
1√
2k
e−ikτ , (116)
which is equal to the exact mode vk in (109). The 2nd-order by (B.8) isW
(2) = k, and the 4th-order
W (4) = k by (B.18), so that
v
(2)
k = v
(4)
k = v
(0)
k . (117)
Thus, for the conformally-coupling massless scalar field in a general RW spacetime, the WKB
approximate solution (116) is the exact solution, as is evident from the wave equation (5), the
regularized spectral stress tensor and power spectrum will be always zero under adiabatic regular-
ization.
The zero trace (112) can also follow from taking the massless limit of 0th-order regularized trace
of a massive field. In contrast, the so-called conformal trace anomaly in literature was made up
from the massless limit of 4th-order regularized trace of a massive field. The stress tensor (19) (21)
(23) of the massive scalar field contains the mass m as a smooth parameter. Starting with m 6= 0,
the unregularized trace (17) (23) with ξ = 1
6
give
〈T µ µ〉k = k
3
2pi2a2
m2|vk|2, (118)
the 0th-order subtraction term for the trace in (C.3) is
〈T µ µ〉kA0 = m
2k3
2pi2a2
1
2ω
, (119)
so, the 0th-order regularized trace is
〈T µ µ〉k − 〈T µ µ〉kA0 = m
2k3
2pi2a2
(
|vk|2 − 1
2ω
)
, (120)
which holds for ξ = 1
6
and a general m. Now taking the limit m = 0 of (120), using ω = k and
|vk|2 = 12k by (109), one obtains
〈T µ µ〉k − 〈T µ µ〉kA0 = lim
m→0
m2k3
2pi2a2
( 1
2k
− 1
2k
)
= 0, (121)
and its k-integration is also zero, 〈T µ µ〉reg = 0. In Sect.6, we shall rederive the results (112) (114)
by the method of regularization of Green’s function. The trace anomaly in adiabatic regularization
[27–29] occurred in the finite part of 4th-order adiabatic subtraction term (C.8) for ξ = 1
6
. Since
the 4th-order regularization leads to a negative spectral energy density, the trace anomaly is a
consequence of the improper prescription.
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5 The regularization of scalar field with a general ξ
For a massive scalar field with a general coupling ξ, the situation of adiabatic regularization is more
complicated than the ξ = 0 and ξ = 1
6
cases in Sects. 3, 4. In this section we consider the value of
ξ in the open interval (0, 1
6
) in de Sitter space. We briefly report the calculation results.
First we find that the 0th-order regularization fails to remove UV divergences in the spectral
energy density and power spectrum.
Next we find that the power spectrum is negative for ξ in (0, 1
6
) and for a generalm, by either the
2nd- or 4th-order regularization, as shown in Figure 6(a), Figure 6(b), Figure 6(c). Comparatively,
the 4th-order is more interesting in that it gives a power spectrum which is positive at high k, but
only has some distortions with negative values at low k around k|τ | . 0.6.
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Figure 6: (a) Red: the 4th-order regularized power spectrum. Purple: the 2nd-order. Both have negative
values for ξ = 17 . (b) Red: the 4th-order regularized power spectrum. Purple: the 2nd-order. Both have
negative values for ξ = 112 . (c) Red: the 4th-order regularized power spectrum. Purple: the 2nd-order.
Both have negative values for ξ = 16.5 .
Then for the spectral energy density, we find that the 2nd-order regularized one is positive for
ξ ∈ (0, 1
12
] as shown in Figure 7(a), and is positive at high k and negative at low k for ξ ∈ ( 1
12
, 1
6.5
) as
shown in Figure 7(b), and is negative at high k for ξ ∈ ( 1
6.5
, 1
6
), as shown in Figure 7(c) and Figure
7(d). The 4th-order regularization leads to a spectral energy density which is positive at high k,
and has some distortions with negative values at low k around k|τ | . 0.6, as shown in Figure 7(c),
Figure 8(a), Figure 8(b).
The above results for ξ ∈ (0, 1
6
) with m 6= 0 tells that the conventional adiabatic regularization
can not give simultaneously positive spectral energy density and positive power spectrum by the
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Figure 7: (a) The 2nd-order regularized (ρk − ρkA2) is positive definite for ξ = 112 . (b) The 2nd-order
(ρk − ρkA2) is positive at high k and negative at low k for ξ = 16.8 . (c) The regularized spectral energy
densities have negative values for ξ = 16.5 . Red: the 4th-order; Purple: the 2nd-order. (d) The 2nd-order
(ρk − ρkA2) is negative at high k for ξ = 16.2 .
same adiabatic order. The results also suggest that only the 4th-order regularization is hopeful in
that it gives positive spectra at high k, while the distortions and negative values occur only at low
k outside the horizon of inflation. In order to get positive spectra without low k distortions, some
modifications may be made to the 4th-order regularization for a general ξ, like what we have done
for RGW [36].
For a massless scalar field with ξ ∈ (0, 1
6
) in de Sitter space, we find that the 0th-order regular-
ization again fails to remove UV divergences. The 2nd-order subtraction terms (C.4) (C.5) for the
stress tensor turn out to be equal to the 4th-order (C.6) (C.7),
ρk A4 = ρk A2 =
k3
4pi2a4
[
k + (ξ − 1
6
)
−3
kτ 2
]
, (122)
pkA4 = pkA2 =
k3
12pi2a4
[
k + (ξ − 1
6
)
1
k
3
τ 2
]
, (123)
and the regularized spectral energy density is positive and UV convergent, as shown in Figure 8(c)
for ξ = 1
12
as an illustration.
However, for the power spectrum, the 2nd- and 4th-order subtraction terms are not equal,
|v(2)k |2 6= |v(4)k |2 (see (B.10) and (B.20)). The 2nd-order regularized power spectrum is negative,
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Figure 8: (a) The 4th-order (ρk − ρkA4) is positive at high k and negative at low k for ξ = 17 . (b) The
4th-order (ρk − ρkA4) is positive at high k and negative at low k for ξ = 112 . (c) The 2nd- and 4th-order
regularized spectral energy densities are overlapped, both positive and UV-convergent for m = 0 and
ξ = 112 . (d) Purple: the 2nd-order is negative; Red: the 4th-order regularized power spectrum is positive
and UV-convergent, but is IR divergent for m = 0 and ξ = 112 .
and the 4th-order one is positive and UV convergent but suffers from IR divergence, as shown in
Figure 8(d). This IR divergence is due to the zero mass, analogous to that of RGW [36]. Some
modifications at low k are needed to save the 4th-order regularization. Overall, the issue of adiabatic
regularization for a general ξ ∈ (0, 1
6
) is unsettled.
6 The Green’s function regularization with ξ = 0 and 16
The 2-point Green’s function and the power spectrum are the Fourier transformation of each other,
and they contain the same information and are complementary to each other. In de Sitter space
with the mode solution (9), the unregularized Green’s function in the vacuum for a general ν is
G(xµ, x′ µ) =
1
(2pi)3
∫
d3k eik·(r−r
′)φk(τ)φ
∗
k′(τ
′)
=
|τ |1/2|τ ′|1/2
8pia(τ)a(τ ′)
1
|r − r′|
∫ ∞
0
dkk sin(k|r − r′|)H(1)ν (kτ)H(2)ν (kτ ′). (124)
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The integration (124) can be carried out [14, 38], and the result can be written in terms of a
hypergeometric function as the following
G(σ) =
H2
16pi2
Γ
(3
2
− ν)Γ(ν + 3
2
)
2F1
[
3
2
+ ν,
3
2
− ν, 2, 1 + σ
2
]
(125)
where σ = [(τ − τ ′)2 − (r − r′)2]/(2ττ ′). (We have checked the result (125) by integration, and
noticed that there should be a factor 2 in Eq.(3.10) in Ref. [14]. See also Refs. [7, 8] for another
derivation.) We plot G(σ) of a massive field in the solid line in Figure 9(a), which is IR convergent
but UV divergent. These asymptotic behaviors can be demonstrated analytically as follows. At
large σ the series expansion of (125) for a general ν is
G(σ) =
H2
16pi2
[
σν−3/2
(2 32−νΓ(3
2
− ν)Γ(2ν)
Γ(ν + 1
2
)
)
+ σ−ν−3/2
(2ν+ 32Γ(3
2
+ ν)Γ(−2ν)
Γ(1
2
− ν)
)
+ ...
]
(126)
which is IR convergent for general cases ν < 3/2. At small σ the series expansion is
G(σ) =
H2
16pi2
[
− 2
σ
+ ln σ(
1
4
− ν2) + (1
4
− ν2)
(
ψ(0)(
3
2
+ ν) + ψ(0)(
3
2
− ν) + ipi + 2γ − 1− ln 2
)
+
σ
4
(
1
4
− ν2)(ν2 − 9
4
)
(
ln σ + ψ(0)(
5
2
+ ν) + ψ(0)(
5
2
− ν) + ipi + 2γ − 5
2
− ln 2
)
+ ...
]
(127)
where 1/σ and ln σ are divergent. The UV divergences are to be removed by regularization.
However, the problem is what part of G(σ) should be subtracted off. In literature, one is
commonly guided by the series expansion G(σ) of (127). But this guide may not insure to work
out. Let us compare (127) with the series expansion of power spectrum ∆2k of (35) (79) at high
k. Generally, a power of σ in (127) is not in a one-to-one correspondence to a power of ω in ∆2k.
For instances, the divergent term 1/ω can generally contribute to the two divergent terms − 2
σ
,
ln σ(1
4
− ν2), and many other terms. On the other hand, the constant term in (127) can receive
contributions from all the convergent terms ω−5, ω−7, etc, that is, by terms of all adiabatic orders.
The conventional thinking is to subtract 1/σ, ln σ and some finite terms, but this simple subtraction
will cause some difficulty to the method of regularization of the Green’s function as we shall show
soon.
Only in two special cases of the massless scalar field, we successfully carry out the direct regu-
larization of Green’s function in position space as the following. First, for m = 0 and ξ = 1
6
, the
Green’s function (125) reduces to
G(σ) = − H
2
16pi2
2
σ
. (128)
We have also double checked this result by direct integration of (124). (128) has only one term,
and corresponds to the unregularized power spectrum (113) that also has only one term. This is
like the Green’s function of a massless scalar field in the Minkowski spacetime. For the equal-time
τ = τ ′ case (128) reduces to
G(σ) =
H2
4pi2
τ 2
|r − r′|2 . (129)
Since (128) has only one UV divergent term, the regularized Green’s function is simply given by
G(σ)reg = G(σ)−G(σ)sub = 0 (130)
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where the subtraction term
G(σ)sub = − H
2
16pi2
2
σ
. (131)
And the regularized auto-correlation function is also zero, G(0)reg = limσ→0G(σ)reg = 0, here
the coincidence limit σ → 0 is taken after the subtraction. The zero regularized Green’s function
(130) and the zero regularized power spectrum (114) agree with each other, as they are the Fourier
transformation of each other. The vanishing result (130) subsequently yields, by the relation (101),
a zero regularized trace,
〈T β β〉reg = m2G(0)reg = 0× 0 = 0, (132)
and a zero regularized stress tenor,
〈Tµν〉reg = 1
4
gµν〈T β β〉reg = 0, (133)
by the maximal symmetry relation (105). The results (132) (133) are consistent with (112)
(121) that has been derived in the k-space by adiabatic regularization in Sect.4. Hence, for the
conformally-coupling massless scalar field, the regularization of Green’s function in the position
space, the 0th-order adiabatic regularization, and the massless limit of massive field, all these three
procedures yield the same result.
Next, for m = 0 and ξ = 0, the factor Γ
(
3
2
− ν) of expression (127) would give a formal infinity,
as its mathematical form is not well presented for ν = 3
2
. We can directly integrate Eq.(124) to
obtain the Green’s function
G(xµ, x′ µ) =
1
(2pi)3
1
a(τ)a(τ ′)
∫
1
k
d3k eik·(r−r
′)−ik(τ−τ ′)1
2
(
1 + i(
1
τ ′
− 1
τ
)
1
k
+
1
k2
1
ττ ′
)
=
1
8pi2a(τ)a(τ ′)|ττ ′|
(− 1
σ
− ln σ) (134)
which is also valid for the coupling massless scalar field with ν = 3
2
in a general RW spacetime. In
de Sitter space, it is
G(σ) =
H2
8pi2
(− 1
σ
− ln σ). (135)
This Green’s function has two terms just corresponding to the power spectrum (75). The first
term is the same as (128) of ξ = 1
6
case, and the second term is the log term. Both terms are UV
divergent at σ → 0, and, moreover, the log term is also IR divergent at σ → ∞, a behavior just
anticipated from the power spectrum (75). Therefore, the appropriate regularization is to remove
both terms, and the subtraction term is taken to be
G(σ)sub =
H2
8pi2
(− 1
σ
− ln σ), (136)
so that
G(σ)reg = G(σ)−G(σ)sub = 0 . (137)
This zero regularized Green’s function and the zero regularized power spectrum (76) agree with
each other. The minimally-coupling massless field is a special case in which the ln σ term is removed
properly. For the massive scalar field, nevertheless, the ln σ term appearing in the series expansion
(127) can not be simply subtracted off, for doing this will cause IR divergence, as we demonstrate
in the following.
For general m and ξ, we simply do not know what divergent terms to be subtracted off the
Green’s function in position space even when the analytical G(σ) is given. In literature, looking at
the series expansion (127), the following regularization was often proposed [7–9, 11, 14]
G(σ)reg = G(σ)−G(σ)sub (138)
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where the subtraction term was taken to be the Hadamard form as the following
G(σ)sub =
H2
16pi2
[
− 2
σ
+ ln σ(
1
4
− ν2)
+(
1
4
− ν2)
(
ψ(0)(
3
2
− ν) + ψ(0)(3
2
+ ν) + 2γ − 1− ln 2
)]
. (139)
(As we shall see later, this subtraction term is actually not correct, and the correct subtraction
terms is (144) for ξ = 0, and (148) for ξ = 1
6
, respectively.) By appearance, G(σ)sub contains the
same UV divergence as the series expansion of G(σ) at small σ, including a ln σ term which is
both UV and IR divergent. The last term of (139) is constant and finite (it contains the 4th-order
adiabatic terms.) To examine this conventional prescription, we plot G(σ)sub and G(σ) together in
Figure 9(a) for a comparison. G(σ) itself is actually IR convergent at σ → ∞, and does not have
the log IR divergence. To show the difficulty, we plot the regularized G(σ)reg in Figure 9(b), which
becomes, nevertheless, IR divergent at large σ due to the ln σ term in G(σ)sub. Unfortunately, this
log IR divergence was neglected and unaddressed in literature [7–9, 11, 12, 14, 17]. In fact, as long
as one takes the subtraction term in a form as Eq.(139), one inevitably faces this ln σ difficulty for
general m and ξ.
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Figure 9: (a) The model ξ = 16 . Blue: the unregularized G(y) in (125). Red Dashed: the subtraction
term G(y)sub in (139). (b) The model ξ =
1
6 . The regularized Green’s function prescribed by (138), suffers
from the log IR divergence at σ → ∞ caused by the subtraction term (139). (c) The model ξ = 0. The
2nd-order regularized G(y)reg given by (145) is IR- and UV-convergent. (d) The model ξ = 0. Blue: the
unregularized G(y); Red Dashed: the subtraction in Eq.(144).
The difficulty of regularization of the Green’s function in position space [7, 8, 11, 14, 17] is over-
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come by adiabatic regularization when the latter provides a positive, UV- and IR-convergent power
spectrum. For de Sitter space, given a regularized power spectrum, such as (29) (78), we can
perform Fourier transformation and convert it into a corresponding regularized Green’s function,
G(r, r′)reg =
1
|r − r′|
∫ ∞
0
sin(k|r − r′|)
k2
∆2k(τ)reg dk (140)
where the equal-time case |τ | = |τ ′| = 1 is considered for illustration. The definition (140) is
analogous to the definition (11).
First, for ξ = 0, we substitute the 2nd-order regularized ∆2k reg of (29) into (140) and have the
following
G(y)reg =
H2
8pi
1
y
∫ ∞
0
dk k sin(ky)
(
|H(1)ν (k)|2 −
4
pi
1
2W (2)
)
= G(y)−G(y)sub (141)
where G(y) with y ≡ |r − r′| is given by (125), and G(y)sub is the subtraction term and can be
calculated as the following. By (36), it involves the following integrations
∫ ∞
0
dk k sin(ky)
1
W (2)
=
∫ ∞
0
dk k sin(ky)
[ 1
ω¯
+
1
ω¯3
+
3m
2
H2
4ω¯5
− 5
m4
H4
8ω¯7
]
. (142)
By the following integration formulae∫ ∞
0
dk
k sin(ky)
(k2 + m
2
H2
)n+
1
2
=
−√pi
2n(m
2
H2
)n/2Γ(n+ 1
2
)
d
dy
(
ynKn(y
m
H
)
)
(143)
where Kn is the modified Bessel’s function (see 3.773 in Ref. [39]), and by the relations:
d
dx
K0(x) =
−K1(x), 1x ddx(xK1(x)) = −K0(x), 1x ddx(x2K2(x)) = −xK1(x), 1x ddx(x3K3(x)) = −x2K2(x) [40], the
subtraction term for the Green’s function for ξ = 0 is given by
G(y)sub =
H2
4pi2
[
m
H
1
y
K1
(m
H
y
)
+K0
(m
H
y
)
+
1
4
m
H
yK1
(m
H
y
)
− 1
24
m2
H2
y2K2
(m
H
y
)]
. (144)
Thus, we obtain the 2nd-order regularized analytical Green’s function for ξ = 0 as the following
G(y)reg =
H2
16pi2
Γ
(3
2
− ν)Γ(ν + 3
2
)
2F1
[
3
2
+ ν,
3
2
− ν, 2, 1− y
2
4
]
− H
2
4pi2
[
m
H
1
y
K1
(m
H
y
)
+K0
(m
H
y
)
+
1
4
m
H
yK1
(m
H
y
)
− 1
24
m2
H2
y2K2
(m
H
y
)]
. (145)
We plot the resulting G(y)reg in Figure 9(c), which exhibits more clearly the UV finiteness and the
IR convergence. The finite value at y = 0 is
G(0)reg ≃ 8.369H
2
8pi
(146)
for the model m
2
H2
= 0.1 and ξ = 0. For a better understanding of this subtraction, in Figure 9(d)
we plot the subtraction G(y)sub given by (144) together with the unregularized G(y). It is seen
that G(y)sub approaches to G(y) from below at small y, and thus removes the UV divergences of
G(y). At large y, G(y)sub is lower and approaches to zero faster than G(y), and therefore does not
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affect the IR convergence of G(y). This is a desired pattern, in sharp contrast to the conventionally
prescribed subtraction (139) shown in Figure 9(a) by the Green’s function in position space.
Next, for ξ = 1
6
, we substitute the 0th-order regularized ∆2k reg of (78) into (140) and have the
following
G(y)reg =
H2
8pi
1
y
∫ ∞
0
dk k sin(ky)
(
|H(1)ν (k)|2 −
4
pi
1
2ω
)
= G(y)−G(y)sub (147)
where G(y) is given by (125) and the subtraction term is
G(y)sub =
H2
4pi2
m
H
1
y
K1
(m
H
y
)
. (148)
(Ref. [25] adopted the 4th-order regularization, used an approximate subtraction term valid only
at small y, and derived the asymptotic expression of G(y)sub to the order of y
2.) The 0th-order
regularized analytical Green’s function for ξ = 1
6
as the following
G(y)reg =
H2
16pi2
Γ
(3
2
− ν)Γ(ν + 3
2
)
2F1
[
3
2
+ ν,
3
2
− ν, 2, 1− y
2
4
]
− H
2
4pi2
m
H
1
y
K1
(m
H
y
)
. (149)
The result is plotted in Figure 10(a), which shows the UV finiteness and IR convergence. The finite
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Figure 10: The model ξ = 16 . (a) The 0th-order regularized G(y)reg in Eq.(149) is IR- and UV-convergent.
(b) Blue: the unregularized G(y). Red Dashed: the subtraction term G(y)sub in Eq.(148).
value at y = 0 is
G(0)reg = 0.03572
H2
8pi
, (150)
for the model m
2
H2
= 0.1 and ξ = 1
6
. This, together with the relation 〈T µ µ〉reg = m2G(0)reg of (101),
gives a value of regularized trace 〈T µ µ〉reg which agrees with that given by (104). In Figure 10(b)
we also plot the subtraction G(y)sub given by (148) and the unregularized G(y). When m = 0, (101)
yields a zero trace 〈T β β〉reg = 0, which again agrees with (112) (121) derived from the 0th-order
adiabatic regularization method in Sect 4.
Hence, for the minimally- and conformally-coupling massive scalar fields in de Sitter space, via
the Fourier transformation of regularized power spectra, we have achieved the regularized, analytical
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Green’s functions in position space, which are UV as well as IR convergent. We expect that, in
general, when a regularized power spectrum is available, the Fourier transformation will provide a
viable procedure to obtain the corresponding regularized Green’s function.
The subtraction terms (144) (148) are formed from the modified Bessel’s functions which are
a special combination of an infinite number of powers of y when expanded at small y. All these
terms as a whole are necessary to ensure the UV convergence and as well as the IR convergence,
also to ensure the covariance of regularized Green’s function, and the covariant conservation of
regularized stress tensor. This inspection explains why the conventional prescription based on the
Green’s function in position space will not work in general, because one does not know what the
proper substraction term should be exactly. The conventional prescription is guided by the series
expansion at small y, and proposes to subtract only the several divergent terms in the series, such
as 1/y and ln y. And that does not work out.
In the remaining of this section we examine the issue of trace anomaly that has been claimed
in literature. The trace anomaly of the scalar field with ξ = 1
6
was first mentioned in Ref. [8] using
the Green’s function for a massive scalar field in the limit m = 0. In the following we go into
details and investigate its occurrence in the regularization of the Green’s function [8–15,17,25,28].
In particular, we shall see how it was brought about by an invalid procedure of taking massless
limit of the 4th-order adiabatic subtraction term.
To get the trace anomaly in de Sitter space, Ref. [14] started with the incorrect subtraction
term (139), and expanded its the constant part at large m2/H2,
(
1
4
− ν2)
(
ψ(0)(
3
2
− ν) + ψ(0)(3
2
+ ν)
)
≃ − H
2
15m2
− 8H
4
315m4
− m
2 ln H
2
m2
H2
+
2
3
+ ... , (151)
plugged (139) into (138) to cancel the UV divergent 1/σ and ln σ terms,
G(σ)reg =
H2
16pi2
Γ
(3
2
− ν)Γ(ν + 3
2
)
2F1
[
3
2
+ ν,
3
2
− ν, 2, 1 + σ
2
]
− H
2
16pi2
[
− 2
σ
+ ln σ(
1
4
− ν2)− H
2
15m2
+ ...
]
, (152)
and, after taking the coincidence limit σ → 0, got the regularized stress tensor, keeping up to the
order of H4 (the adiabatic 4th-order),
〈T µ µ〉reg = m2G(σ = 0)reg = m2 H
2
16pi2
[ H2
15m2
+ ...
]
, (153)
then took the limit m = 0 and claimed that the conformally-coupling massless scalar field has the
following nonzero trace (i.e., the trace anomaly) [14]
lim
m=0
〈T µ µ〉reg = H
4
240pi2
=
R2
34560pi2
. (154)
Thus the appearance of trace anomaly is caused by two procedures: starting with a presumed mas-
sive field for a massless field, and deploying the 4th-order subtraction term. These have been com-
monly adopted in literature which claimed the trace anomaly. Inspection of the above procedures
reveals several problems. First, if one works directly with a massless scalar field with ξ = 1
6
, instead
of starting with an artificially presumed massive field, one simply obtains a vanishing G(σ)reg = 0,
and will never run into a trace anomaly, as demonstrated by the paragraph of (128) through (133).
Second, the subtraction term (139) is incorrect for a massive field, as it contains the ln σ term and
will generate the ln IR divergence, as we have pointed earlier. Third, even if the subtraction term
(139) were allowed, it will generally lead to negative power spectrum and negative spectral energy
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density, which are not acceptable for physics. Consequently, for general ξ, regularization of Green’s
function in position space has not been accomplished yet, in the sense that the methods have not
been able to yield an explicit expression of UV and IR convergent Green’s function G(σ) even in
de Sitter space. In fact, the adequate subtraction terms of the Green’s function are given by (144)
for ξ = 0 , and respectively by (148) for ξ = 1
6
, which have been derived by Fourier transformation
of the adiabatic subtraction terms for power spectra from adiabatic regularization.
For a general curved spacetime, the analytical solution of Green’s function may be not available.
Often in literature, the Green’s function is written formally as the DeWitt-Schwinger proper-time
integration [19, 20]
G(σ) ∝
∞∑
n=0
an
(
− ∂
∂m2
)n ∫ ∞
0
ds
s2
exp
[
− i(m2s− σ
2s
)
]
. (155)
As already pointed in Refs. [11, 12, 16, 20], the s-integration (155) is undefined at m = 0 and is
valid only at m 6= 0. So, the series expansion of G(σ) at m = 0 is not known in this formulation.
This is the limitation of DeWitt-Schwinger proper-time integration, and that is why in literature
strangely a massive field was started with to get the trace anomaly of a massless field. (By the
way, we like to say that the DeWitt-Schwinger integration is not necessary to study the Green’s
function, and that one can study the Green’s function of a massless field in terms of a Hadamard
series.) At m 6= 0, (155) can be expanded as a series in the following form [8, 11, 20]
G(σ) ∝ 1
4pi2
{
a0
[ 1
σ
+m2(γ +
1
2
ln |1
2
m2σ|)(1 + 1
4
m2σ + ...)− 1
2
m2...
]
−a1
[
(γ +
1
2
ln |1
2
m2σ|)(1 + 1
2
m2σ + ...)− 1
2
m2σ...
]
+a2σ
[
(γ +
1
2
ln |1
2
m2σ|)(1 + 1
8
m2σ + ...)− 1
4
− ...
]
+
1
2m2
[
a2 +O(σ)...
]
+
1
2m4
[
a3 +O(σ)...
]
+O(m−6)
}
(156)
which has a structure similar to (127) in de Sitter space. (We must emphasize that this expression
is invalid at m = 0.) Then it was commonly proposed to subtract off some UV divergent terms
of (156), such as a0/σ, a0
1
2
m2 ln σ, a2/2m
2, etc. (These subtraction terms have been commonly
adopted in the methods of regularization in position space, such as the dimensional regularization
[8, 9], the point-splitting [11, 12, 14], the zeta function regularization [8, 17], and as well as the
path-integral formulation [18]. The zeta function regularization in Refs. [8,17] and its path-integral
formulation in Ref. [18] are equivalent, and use the same subtraction terms which are explicitly
mentioned in Refs. [8, 17].) Nevertheless, doing this will lead to an IR divergence since the term
a0
1
2
m2 ln σ is also IR divergent, just like in de Sitter space. This is a vital difficulty of regularization
guided by the series expansion (156) in position space, and has not been addressed in literature.
Without solving this difficulty, one still continued to pick up the subtraction term a2/2m
2 (4th
adiabatic order), multiplied by m2, took the limit m = 0, and claimed that the trace anomaly is
〈T µ µ〉 = 14pi2a2 [8, 9, 11, 14, 17]. But again, this limit-taking procedure is invalid simply because
the series (156) does not hold at m = 0. We emphasize that it is mathematically incorrect to pick
up a term in (156) and regard it as a term of G(σ) at m = 0. For instance, the term 1
2m4
a3 and
the subsequent infinitely many terms (∝ m−6, m−8, etc) will be divergent at m = 0. The series
expansion (156) does not tell what G(σ) looks like at m = 0, nor if the a2 term ever exists in G(σ)
at m = 0. Thus, it is invalid to claim that a2 is the trace anomaly at m = 0. The real issue is
to find adequate subtraction terms to the Green’s function, and this has not been solved yet for
general curved spacetimes.
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7 Conclusion and discussions
We have studied, in great details, adiabatic regularization of a coupling massive scalar field in
de Sitter inflation, and found that the conventional 4th-order regularization subtracts off more
than necessary and leads to a negative spectral energy density in a broad range of k. A negative
spectral energy density is unacceptable in the context of cosmology. For a massive scalar field,
the adiabatic expansion is made in powers of frequency ω, whereas the degree of UV divergences
is counted in powers of k. When the powers of ω is further expanded in terms of k, there are
infinitely many powers k−n. This is the origin of unmatch of the adiabatic order and the degree of
UV divergences for a massive scalar field. So we seek an appropriate prescription which will give a
positive (nonnegative), IR- and UV-convergent spectral energy density. As it turns out, the order
of regularization depends sensitively on the coupling ξ.
For the massive field with ξ = 0 in Section 3, we find that the 0th- and 4th-order prescriptions
fail, and the 2nd-order regularization is sufficient to remove quartic, quadratic, and logarithmic UV
divergences of the stress tensor, and simultaneously the quadratic, and logarithmic UV divergences
of the power spectrum. The resulting regularized spectral energy density and power spectrum are
positive, IR- and UV-convergent. Although nonuniformly distributed in the k-modes, the regular-
ized stress tensor in the vacuum is maximally symmetric, and respects the covariant conservation.
Thus, in connection to inflation cosmology, the massive scalar field can play a double role: its
regularized 〈Tµν〉reg drives the inflation, while its k-modes φk are the primordial fluctuations in the
vacuum. With regard to renormalization, the 2nd-order regularization involves renormalization of
the cosmological and gravitational constants, and does not need the fourth order time-derivative
of metric such as (1)Hµν ,
(2)Hµν . In the special case of m = 0 = ξ, the 2nd-order regularization is
the same as the 4th-order one, and gives a zero stress tensor and a zero power spectrum.
For the massive field with ξ = 1
6
in Section 4, we find that the 2nd- and 4th-order prescriptions
fail, and the 0th-order regularization is sufficient to remove UV divergences in the stress tensor and
the power spectrum, and the regularized spectra are positive, and IR- and UV-convergent. Like
the ξ = 0 case, the regularized stress tensor is maximally symmetric, but nonuniformly distributed
in the k-modes. The 0th-order regularization involves only renormalization of the cosmological
constant. In the special case ξ = 1
6
and m = 0, we find that the prescriptions of 0th-, 2nd-,
and 4th-order regularization are the same, all lead to a zero regularized stress tensor and a zero
regularized power spectrum, and no trace anomaly exists. Even if we start with m 6= 0 and ξ = 1
6
,
the regularized trace is ∝ m2, so that the trace is still zero in the limit m → 0. Our finding is in
contrast to the literature-reported trace anomaly which appeared in the 4th-order regularization
of a massive scalar field with ξ = 1
6
in the limit m → 0. Since the 4th-order regularization leads
to a negative spectral energy density, it is an improper prescription, and the trace anomaly is an
artifact.
For the massive field with a general ξ ∈ (0, 1
6
) in Section 5, the regularized spectra generally have
irregular distortions and negative values. It seems no regularization of equal order could achieve
positive spectral energy density and power spectrum simultaneously. We also notice that, by the
4th-order regularization, both the spectral energy density and power spectrum are positive at high
k, whereas distortions with negative values occur only at the low k range outside the horizon. This
pattern indicates that one may modify regularization at low k in order to achieve positive spectra,
like what we have done for RGW [36]. Regularization for a general ξ remains unsettled and more
endeavors are needed.
As a complement to the adiabatic regularization, we have studied the regularization of Green’s
function in position space in Section 6. DeWitt [20] suggested that “after the infinities have been
split off,” the effective Lagrangian (expressed in terms of the Green’s function) “is both coordinate
invariant and conformally invariant,” however, he did not tell how to achieve this by an explicit
demonstration. In curved spacetimes, the analytical Green’s function is generally not available, it
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is hard to implement a direct regularization. In de Sitter space, G(σ) for general m and ξ is known
as a hypergeometric function, but its direct regularization is still not easy, because one does not
know its proper subtraction term. Only in the massless cases m = 0 with ξ = 1
6
or ξ = 0, G(σ)
contains one (or two) term which is divergent, we are able to directly regularize it to zero, and
no trace anomaly exists. This outcome agrees with the result of zero spectra from the 0th- (or
2nd-) order adiabatic regularization. In the cases m 6= 0 with ξ = 1
6
or ξ = 0 when the regularized
power spectra are available, we perform Fourier transformation, and obtain the regularized Green’s
function which is UV-finite and IR-convergent. And, as it turns out, the subtraction terms G(σ)sub
consist of the modified Hankel functions Kn(σ) as in Eqs.(144) and (148), not just the commonly-
suggested Hadamard form as in Eq.(139) which contains the ln σ term. We demonstrate explicitly
how this log IR divergence plagues the Green’s function regularization, which is an issue not been
addressed in literature. When an adequately regularized power spectrum is available, the Fourier
transformation provides a viable way to obtain the regularized Green’s function. We also analyze,
for de Sitter space, how the literature-reported trace anomaly showed up in the Green’s function
method, and actually it was generated by the improper 4th-order subtraction term. It should be
remarked that, due to the homogeneity and isotropy in de Sitter space, the fluctuations represented
by the scalar field is a stationary process in terminology of statistics, so that the Green’s function is
a function of the separation of two spacetime points, G(xµ, xµ ′) = G(xµ−xµ ′) = G(σ), as explicitly
seen in Eq.(125). In this case, when a locally determined part GL(σ) is constructed to satisfy the
wave equation in x and in x′ [16], so does the boundary-condition-dependent part GB(xµ, xµ ′) ≡
G(σ)−GL(σ). So the presumption that GB(xµ, xµ ′) not satisfy the wave equation in x′ [15] does
not happen in de Sitter space. In general curved spacetimes, the analytical solution of G(σ) is not
known, nor is the appropriate subtraction term, it is premature to claim the trace anomaly. In
retrospect, the common thing that led to the trace anomaly in those different approaches consisted
of two procedures: starting with an artificially-presumed massive field for a massless field, and
adopting the incorrect 4th-order subtraction term. If one directly starts with a massless scalar
field, instead of a massive field, one will never run into a trace anomaly, as we have shown in the
paragraph of (109) through (114) by adiabatic regularization method, and in the paragraph of (128)
through (133) by the Green’s function method. Even starting with a massive field with ξ = 1
6
, if
one adopts the 0th-order regularization, instead of the 4th-order, one will never run into the trace
anomaly nor the negative spectral energy density.
Our study shows the great advantage of adiabatic regularization which works particularly in
RW spacetimes. When the exact solution of field in a RW spacetime is given, all UV-divergent
terms are isolated as powers of k, while the subtraction terms of various orders are always given
explicitly by WKB approximation. With these in hand, one is able to see if the spectra are UV-
and IR-convergent and if a spectrum is negative at certain order. Therefore, one is more effectively
guided in choosing a proper regularization scheme. Furthermore, the spectra of a massive field are
functions of ω, adiabatic subtraction can be implemented without causing the log IR divergence.
These important features of adiabatic regularization are not shared by the direct regularization of
Green’s function in position space. Finally we remark that the regularized stress tensor and Green’s
function obtained by adiabatic regularization in this paper are covariant, and the corresponding
quantities in other coordinates can be given by coordinate transformations.
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A High k expansions of exact modes
In this appendix, we list some series expansions following from the analytical solution in de Sitter
space which are used in the context.
In high k limit, the mode vk(τ) of (9) approaches to
vk ≃ 1√
2k
eix
(
1 + i
(4ν2 − 1)
8x
− (16ν
4 − 40ν2 + 9)
128x2
− i(64ν
6 − 560ν4 + 1036ν2 − 225)
3072x3
+
(256ν8 − 5376ν6 + 31584ν4 − 51664ν2 + 11025)
98304x4
−i(−1024ν
10 + 42240ν8 − 561792ν6 + 2764960ν4 − 4228884ν2 + 893025)
3932160x5
+ ...
)
(A.1)
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with x ≡ k|τ |, where the first term corresponds to the positive-frequency massless mode in
Minkowski spacetime, and other terms are due to mass and expansion effects. Notice the pat-
tern that ν2 goes with 1/x in this high k expansion. That is, the high k expansion implies also an
expansion at low m
2
H2
.
|vk|2 = 1
2k
(
1 +
4ν2 − 1
8x2
+
3(4ν2 − 1)(4ν2 − 9)
128x4
+
5(4ν2 − 1)(4ν2 − 9)(4ν2 − 25)
1024x6
+
35(4ν2 − 1)(4ν2 − 9)(4ν2 − 25)(4ν2 − 49)
32768x8
+ ...
)
.
(A.2)
It can be also expressed in terms of ω for ξ = 0 as follows
|vk|2 = 1
2ω
+
−4ν2τ 2 + 4ν2 + 9τ 2 − 1
16τ 2ω3
+
3 (4ν2 − 9) (4ν2τ 4 − 8ν2τ 2 + 4ν2 − 9τ 4 + 2τ 2 − 1)
256τ 4ω5
−5 (4ν
2 − 9)Aτ
2048τ 6ω7
+
35 (4ν2 − 9)Bτ
65536τ 8ω9
(A.3)
where
Aτ ≡ 16ν4τ 6 − 48ν4τ 4 + 48ν4τ 2 − 16ν4 − 72ν2τ 6 + 120ν2τ 4 − 120ν2τ 2
+104ν2 + 81τ 6 − 27τ 4 + 27τ 2 − 25 (A.4)
Bτ ≡ 64ν6τ 8 − 256ν6τ 6 + 384ν6τ 4 − 256ν6τ 2 + 64ν6 − 432ν4τ 8 + 1216ν4τ 6
−1824ν4τ 4 + 2240ν4τ 2 − 1200ν4 + 972ν2τ 8 − 1584ν2τ 6 + 2376ν2τ 4
−4144ν2τ 2 + 5196ν2 − 729τ 8 + 324τ 6 − 486τ 4 + 900τ 2 − 1225. (A.5)
In the context we shall plot all the graphs at a time |τ | = 1 for illustration, and the above is
simplified as
|vk|2 = |τ |
( 1
2ω¯
+
1
2ω¯3
− 3 (4ν
2 − 9)
32ω¯5
− 5 (4ν
2 − 9) (4ν2 + 7)
256ω¯7
+
35 (4ν2 − 9) (44ν2 − 19)
1024ω¯9
+ ...
)
(A.6)
with ω¯ ≡ (k2 + m2
H2
)1/2 which equals ω = (k2 + m
2
H2τ2
)1/2 at |τ | = 1. For ξ = 1
6
, (A.6) is replaced by
the following
|vk|2 = |τ |
( 1
2ω¯
+
3(1− 4ν2)
32ω¯5
+
5(1− 4ν2)(4ν2 − 25)
256ω¯7
+
105 (4ν2 − 1) (20ν2 − 53)
1024ω¯9
+ ...
)
. (A.7)
The time derivative terms to the 4th adiabatic order are given by
v′k ≃ −
√
k
2
eix
(
i− 4ν
2 − 1
8x
− i16ν
4 + 24ν2 − 7
128x2
+
64ν6 + 208ν4 − 884ν2 + 207
3072x3
+i
256ν8 + 768ν6 − 22176ν4 + 47792ν2 − 10575
98304x4
+ ...
)
, (A.8)
|v′k|2 = k
(
1
2
− (4ν
2 − 1)
16x2
− (16ν
4 − 104ν2 + 25)
256x4
− (64ν
6 − 2096ν4 + 4876ν2 − 1089)
2048x6
+ ....
)
,
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(A.9)
or, at |τ | = 1 for plotting,
|v′k|2 = k
(
1
2
+
1− 4ν2
16ω¯2
+
48ν4 − 56ν2 + 11
256ω¯4
+
−320ν6 + 2288ν4 − 3900ν2 + 837
2048ω¯6
+ ...
)
,
(A.10)
(
vk
a
)′ = − H√
2k
eix
(
ix+
(9− 4ν4)
8
− i(16ν
4 − 40ν2 + 9)
128x
+
(4ν2 − 9)(1− 4ν2)2
3072x2
+i
(2ν − 5)(2ν − 3)(2ν − 1)(2ν + 1)(2ν + 3)(2ν + 5)(4ν2 + 15)
98304x3
−(2ν − 7)(2ν − 5)(2ν − 3)(2ν − 1)(2ν + 1)(2ν + 3)(2ν + 5)(2ν + 7)(4ν
2 + 39)
3932160x4
+ ...
)
(A.11)
|(vk
a
)′|2 = piH
2
4k
∣∣∣∣ ddx(x3/2H(2)ν (x))
∣∣∣∣
2
= H2
(x2
2k
+
9− 4ν2
16k
− 16ν
4 − 40ν2 + 9
256kx2
+
441− 1996ν2 + 944ν4 − 64ν6
2048kx4
+ ...
)
.
(A.12)
In low k limit,
vk ≃ (x
2
)−ν+
1
2
Γ(ν)√
2pik
ei
pi
2
(ν− 1
2
), (A.13)
|vk|2 ≃ x−2ν |τ |2
2ν−2Γ(ν)2
pi
, (A.14)
|vk
a
|2 ≃ H2x−2ν |τ |3 2
2ν−2Γ(ν)2
pi
, (A.15)
and the time derivatives are
v′k ≃ −(
x
2
)−ν−
1
2k1/2
Γ(ν)− 2Γ(ν + 1)
4
√
2pi
ei
pi
2
(ν− 1
2
), (A.16)
|v′k|2 ≃ (
x
2
)−2ν−1k
(Γ(ν)− 2Γ(ν + 1))2
32pi
, (A.17)
(
vk
a
)′ = −H(x
2
)−ν+
1
2k−
1
2
(3Γ(ν)− 2Γ(ν + 1))
2
√
2pi
ei
pi
2
(ν− 1
2
), (A.18)
|(vk
a
)′|2 = H2x−2ν |τ | 2
2ν(3Γ(ν)− 2Γ(ν + 1))2
16pi
. (A.19)
In these expressions the index ν is for a general ξ.
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B The WKB modes
The WKB approximation [21,22,28,29,41] to the solution of (5) in a flat RW spacetime is written
as the following
v
(n)
k (τ) = (2Wk(τ))
−1/2 exp
[
− i
∫ τ
Wk(τ
′)dτ ′
]
(B.1)
where the effective frequency is
(
Wk(τ)
)
=
[
k2 +m2a2 + (ξ − 1
6
)a2R− 1
2
(
W ′′k
Wk
− 3
2
(W ′k
Wk
)2)]1/2
. (B.2)
The WKB solution of Wk is obtained by iteratively solving (B.2) to a desired adiabatic order. Take
the 0th-order effective frequency [28],
W
(0)
k = ω =
√
k2 +m2a2, (B.3)
and the 0th-order adiabatic mode
v
(0)
k (τ) = (2ω)
−1/2e−i
∫
τ ωdτ ′ . (B.4)
The 0th-order quantities that appear in the 0th-order subtraction terms are
|v(0)k |2 =
1
2W
(0)
k
=
1
2ω
, (B.5)
|v(0)k ′|2 =
1
2
( (W (0) ′k )2
4(W
(0)
k )
3
+W
(0)
k
)
≃ ω
2
, (B.6)
v
(0)
k
′v(0)k
∗ + v(0)k v
(0)
k
∗ ′ ≃ 0.
The 2nd-order adiabatic mode
v
(2)
k (τ) = (2W
(2)
k (τ))
−1/2e−i
∫
τ W
(2)
k
(τ ′)dτ ′ , (B.7)
The first iteration of (B.2) is
W
(2)
k =
[
k2 +m2a2 + (ξ − 1
6
)a2R− 1
2
(
W
(0)
k
′′
W
(0)
k
− 3
2
(W (0)k ′
W
(0)
k
)2)] 12
, (B.8)
By
(ξ − 1
6
)a2R− 1
2
(
W
(0)
k
′′
W
(0)
k
− 3
2
(W (0)k ′
W
(0)
k
)2)
= 6(ξ − 1
6
)
a′′
a
− m
2 (aa′′ + a′2)
2ω2
+
5m4a2a′2
4ω4
,
keeping only up to two time-derivatives of metric, a′′ and a′ 2, gives the 2nd-order effective frequency,
W
(2)
k ≃ ω + 3(ξ −
1
6
)
1
ω
a′′
a
− m
2(a′′a + a′ 2)
4ω3
+
5m4a′ 2a2
8ω5
, (B.9)
(W
(2)
k )
−1 ≃ 1
ω
− 3(ξ − 1
6
)
a′′/a
ω3
+
m2(a′′a + a′ 2)
4ω5
− 5m
4a′ 2a2
8ω7
. (B.10)
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It should be observed thatW
(2)
k actually contains four terms up to ω
−5, and (W (2)k )
−1 has up to ω−7,
even though retaining only two time-derivatives. The 2nd-order subtraction term for the power
spectrum uses
|v(2)k |2 = (2W (2)k )−1 (B.11)
which is given by (B.10). The 2nd-order subtraction term for ρk has threes terms, its k
2 and mass
terms are ∝ |v(2)k |2, and its time derivative term is proportional to
|(v
(2)
k
a
)′|2 = 1
a2
(
|v(2)k ′|2 −
a′
a
(v
(2)
k
′v(2)k
∗ + v(2)k v
(2)
k
∗ ′) + (
a′
a
)2|v(2)k |2
)
. (B.12)
By
v
(2) ′
k (τ) =
1√
2
( −W (2) ′k
2(W
(2)
k )
3/2
− i W
(2)
k√
W
(2)
k
)
e−i
∫
τ W
(2)
k
dτ ′ , (B.13)
one has up to the 2nd adiabatic order W
(2) ′
k ≃ ω′ = m
2a2
ω
a′
a
,
|v(2)k ′|2 =
1
2
( (W (2) ′k )2
4(W
(2)
k )
3
+W
(2)
k
)
=
ω
2
+
7m4a2a′2
16ω5
− m
2(aa′′ + a′2)
8ω3
+ (ξ − 1
6
)
3a′′
2ωa
, (B.14)
v
(2)
k
′v(2)k
∗ + v(2)k v
(2)
k
∗ ′ = −
(W (2) ′k
2W
(2)
k
+ iW
(2)
k
)
(2W
(2)
k )
−1 −
(W (2) ′k
2W
(2)
k
− iW (2)k
)
(2W
(2)
k )
−1
= − W
(2) ′
k
2(W
(2)
k )
2
= −m
2aa′
2ω3
. (B.15)
Putting together, one has
|(v
(2)
k
a
)′|2 = 1
a2
[
ω
2
+
1
2ω
a′2
a2
+
m2 (3a′2 − aa′′)
8ω3
+
7m4a2a′2
16ω5
+ (ξ − 1
6
)
3a′′
2ωa
]
. (B.16)
Similarly, the 4th-order adiabatic mode
v
(4)
k (τ) = (2W
(4)
k (τ))
−1/2e−i
∫
τ W
(4)
k
(τ ′)dτ ′ , (B.17)
the 4th-order effective frequency is derived by iteration
W
(4)
k =
[
k2 +m2a2 + (ξ − 1
6
)a2R − 1
2
(
W
(2)
k
′′
W
(2)
k
− 3
2
(W (2)k ′
W
(2)
k
)2)] 12
. (B.18)
Dropping terms of five time derivatives, one obtains
W
(4)
k = ω + (ξ −
1
6
)
3a′′
aω
− m
2(a′′a + a′ 2)
4ω3
+
5m4a′ 2a2
8ω5
+
m2(a′′′′a + 4a′′′a′ + 3a′′a′′)
16ω5
− m
4 (19a2a′′ 2 + 19a′ 4 + 28a2a′′′a′ + 122aa′ 2a′′)
32ω7
+
221m6(a′′a′ 2a3 + a′ 4a2)
32ω9
− 1105m
8a4a′ 4
128ω11
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+(ξ − 1
6
)
[
− 3
4ω3
(
a′′′′
a
− a
′′ 2
a2
− 2a
′′′a′
a2
+
2a′ 2a′′
a3
)
+
m2
4ω5
(15a′a′′′ − 6a
′ 2a′′
a
+ 9a′′a′′)− 75m
4aa′ 2a′′
8ω7
]
− 9
2
(
ξ − 1
6
)2 a′′ 2
a2ω3
(B.19)
which is the same as Bunch’s (2.20) [28], and
(W
(4)
k )
−1 =
1
ω
+
m2(aa′′ + a′ 2)
4ω5
− 5m
4a2a′ 2
8ω7
− 3(ξ − 1
6
)
1
ω3
a′′
a
−m
2(3a′′ 2 + a′′′′a + 4a′′′a′)
16ω7
+
7m4 (3a2a′′ 2 + 3a′ 4 + 18aa′ 2a′′ + 4a2a′′′a′)
32ω9
−231m
6a2 (a′ 4 + aa′ 2a′′)
32ω11
+
1155m8a4a′ 4
128ω13
+(ξ − 1
6
)
[ 3
4ω5
(−a
′′ 2
a2
+
a′′′′
a
+ 2
a′ 2a′′
a3
− 2a
′′′a′
a2
)
−15m
2 (a′′ 2 + a′′′a′)
4ω7
+
105m4aa′ 2a′′
8ω9
]
+ (ξ − 1
6
)2
27
2ω5
a′′ 2
a2
. (B.20)
Keeping only up to second order time derivative terms, W
(4)
k and (W
(4)
k )
−1 reduce to the 2nd-order
expressions W
(2)
k and (W
(2)
k )
−1 in (B.9) and (B.10), respectively. Notice that for the special case
ξ = 1
6
and m = 0, we have
W
(4)
k = W
(2)
k =W
(0)
k = k, (B.21)
which holds for a general RW spacetime, also implies Eq.(117) in Sect 4 for de Sitter space.
From the effective frequency W
(4)
k in (B.19) and its reciprocal (B.20) we can calculate the
following quantities that occur in the 4th-order subtraction terms for the power spectrum and
spectral stress tensor.
|v(4)k |2 = (2W (4)k )−1, (B.22)
|v(4)k ′|2 =
1
2
( (W (4) ′k )2
4(W
(4)
k )
3
+W
(4)
k
)
=
ω
2
+
7m4a2a′2
16ω5
− m
2(aa′′ + a′2)
8ω3
+ (ξ − 1
6
)
3a′′
2ωa
+
m2
64ω5
(
2aa′′′′ + 6a′′2 + 8a′a′′′
)
− m
4
256ω7
(
76a′4 + 536aa′2a′′ + 76a2a′′2 + 128a2a′a′′′
)
+
259m6
512ω9
(
8a2a′4 + 8a3a′2a′′
)− 1365m8a4a′4
256ω11
+(ξ − 1
6
)
[
− 1
16ω3
(
6a′′′′
a
+
12a′2a′′
a3
− 6a
′′2
a2
− 12a
′a′′′
a2
)
+
m2a2
64ω5
(−96a
′2a′′
a3
+
72a′′2
a2
+
168a′a′′′
a2
)− 105m
4aa′2a′′
16ω7
]
− (ξ − 1
6
)2
9
4ω3
a′′2
a2
,
(B.23)
v
(4)
k
′v(4)k
∗ + v(4)k v
(4)
k
∗ ′ = − W
(4) ′
k
2(W
(4)
k )
2
= −m
2aa′
2ω3
+
m2(3a′a′′ + aa′′′)
8ω5
− 5m
4(aa′3 + a2a′a′′)
4ω7
+
35m6a3a′3
16ω9
+(ξ − 1
6
)(
9m2a′a′′
2ω5
+
3a′a′′
2a2ω3
− 3a
′′′
2aω3
), (B.24)
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putting together yields
|(v
(4)
k
a
)′|2 = 1
a2
[
|v(4)′k |2 −
a′
a
(v
(4)′
k v
(4)∗
k + v
(4)
k v
(4)∗′
k ) + (
a′
a
)2|v(4)k |2
]
=
1
a2
[
ω
2
+
1
2ω
a′2
a2
+
m2 (3a′2 − aa′′)
8ω3
+
7m4a2a′2
16ω5
+ (ξ − 1
6
)
3a′′
2ωa
+
m2 (a3a′′′′ + 3a′′2a2 + 4a′4 − 8aa′2a′′)
32ω5a2
+
m4 (41a′4 − 54aa′2a′′ − 19a2a′′2 − 32a2a′a′′′)
64ω7
+
m6 (119a2a′4 + 259a3a′2a′′)
64ω9
− 1365a
4m8a′4
256ω11
−(ξ − 1
6
)
( 1
8ω3
(
3a′′′′
a
− 18a
′a′′′
a2
+
30a′2a′′
a3
− 3a
′′2
a2
) +
m2
8ω5a
(48a′2a′′ − 9aa′′2 − 21aa′a′′′)
+
105m4aa′2a′′
16ω7
)
− (ξ − 1
6
)2
9
4ω3
a′′2
a2
]
. (B.25)
So far the formulae given above are valid for a general flat RW spacetime.
For de Sitter space, the scale factor satisfies the following relation
(−1
6
)
[ 3
4ω5
(−a
′′ 2
a2
+
a′′′′
a
+ 2
a′ 2a′′
a3
− 2a
′′′a′
a2
)
]
+ (−1
6
)2
27
2ω5
a′′ 2
a2
= 0.
By this relation, in the special case ξ = 0 and m = 0, we find that
W
(4)
k = W
(2)
k , (W
(4)
k )
−1 = (W (2)k )
−1 (B.26)
which imply Eq.(77) in Sect 3.
C The subtraction terms for the stress tensor
Substitution of the 0th-order adiabatic mode v
(0)
k of (B.4) into (19) (21) in place of vk yields the
0th-order subtraction term for stress tensor
ρkA0 =
k3
4pi2a4
[
|v(0)k ′|2 + k2|v(0)k |2 +m2a2|v(0)k |2
+(6ξ − 1)
(a′
a
(v
(0)
k
′v(0) ∗k + v
(0)
k v
(0) ∗ ′
k)−
a′ 2
a2
|v(0)k |2
)]
≃ k
3
4pi2a4
ω, (C.1)
pkA0 =
k3
4pi2a4
[
1
3
|v(0)k ′|2 +
1
3
k2|v(0)k |2 −
1
3
m2a2|v(0)k |2
+2(ξ − 1
6
)
(
− 2|v(0)k ′|2 + 3
a′
a
(v
(0)
k
′v(0) ∗k + v
(0)
k v
(0) ∗ ′
k)
−3(a
′
a
)2|v(0)k |2 + 2(k2 +m2a2)|v(0)k |2 + 12ξ
a′′
a
|v(0)k |2
)]
≃ k
3
12pi2a4
[
ω − m
2a2
ω
]
, (C.2)
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〈T µ µ〉kA0 = ρk A0 − 3pkA0 = m
2k3
2pi2a2
1
2ω
. (C.3)
Note that these contain no time derivatives of a(τ), and do not depend on the coupling ξ.
Substitution of the 2nd-order adiabatic mode v
(2)
k of (B.7) into (19) (21) in place of vk yields
the 2nd-order subtraction term for the spectral energy density and pressure
ρk A2 =
k3
4pi2a4
[
ω +
m4a4
8ω5
a′ 2
a2
+ (ξ − 1
6
)
(− 3
ω
a′ 2
a2
− 3m
2a′ 2
ω3
)]
, (C.4)
pkA2 =
k3
12pi2a4
[
ω − m
2a2
ω
− m
4a4
8ω5
(
2a′′
a
+
a′ 2
a2
) +
5m6a6
8ω7
a′ 2
a2
+(ξ − 1
6
)
( 1
ω
(6
a′′
a
− 9a
′ 2
a2
) +
6m2a2
ω3
(
a′′
a
− a
′ 2
a2
)− 9m
4a4
ω5
a′ 2
a2
)]
. (C.5)
They reduce to (C.1) (C.2) when the time derivatives of a(τ) are dropped.
Substitution of the 4th-order adiabatic mode v
(4)
k into (19) (21) in place of vk, yields the 4th-order
subtraction term for spectral energy density and pressure [28, 29]
ρk A4 =
k3
4pi2a4
[
ω +
m4a4
8ω5
a′ 2
a2
− m
4a4
32ω7
(2
a′′′a′
a2
− a
′′ 2
a2
+
4a′′a′ 2
a3
− a
′ 4
a4
)
+
7m6a6
16ω9
(
a′′a′ 2
a3
+
a′ 4
a4
)− 105m
8a8
128ω11
a′ 4
a4
+(ξ − 1
6
)
[− 3
ω
a′ 2
a2
− 3m
2a′ 2
ω3
+
3m2a2
4ω5
(
2a′′′a′
a2
− a
′′ 2
a2
− a
′ 4
a4
)
−15m
4a4
8ω7
(
4a′′a′ 2
a3
+
3a′ 4
a4
) +
105m6a6
8ω9
a′ 4
a4
]
+(ξ − 1
6
)2
[− 9
2ω3
(
2a′′′a′
a2
− a
′′ 2
a2
− 4a
′′a′ 2
a3
) +
27m2a2
ω5
a′′a′ 2
a3
]]
, (C.6)
pk A4 =
1
3
(
k3
4pi2a4
)
[
ω − m
2a2
ω
− m
4a4
8ω5
(
2a′′
a
+
a′ 2
a2
)
+
5m6a6
8ω7
a′ 2
a2
+
m4a4
32ω7
(
2a′′′′
a
+ 6
a′′′a′
a2
+ 7
a′′ 2
a2
− 4a
′′a′ 2
a3
+
a′ 4
a4
)
−m
6a6
32ω9
(
28a′′′a′
a2
+ 21
a′′ 2
a2
+
112a′′a′ 2
a3
+ 7
a′ 4
a4
)
+
21m8a8
128ω11
(44
a′′a′ 2
a3
+ 39
a′ 4
a4
)− 1155m
10a10
128ω13
a′ 4
a4
+(ξ − 1
6
)
( 1
ω
(6
a′′
a
− 9a
′ 2
a2
) +
6m2a2
ω3
(
a′′
a
− a
′ 2
a2
)
+
3m2a2
4ω5
(−2a
′′′′
a
+
2a′′′a′
a2
+
4a′′a′ 2
a3
− a
′′ 2
a2
− 3a
′ 4
a4
)− 9m
4a4
ω5
a′ 2
a2
+
15m4a4
8ω7
(
8a′′′a′
a2
+
6a′′ 2
a2
+
12a′′a′ 2
a3
− 5a
′ 4
a4
)
−105m
6a6
2ω9
(
2a′′a′ 2
a3
+
a′ 4
a4
) +
945m8a8
8ω11
a′ 4
a4
)
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+(ξ − 1
6
)2
( 9
2ω3
(
2a′′′′
a
− 10a
′′′a′
a2
− 5a
′′ 2
a2
+
16a′′a′ 2
a3
)
−27m
2a2
2ω5
(
4a′′′a′
a2
+
3a′′ 2
a2
− 8a
′′a′ 2
a3
) +
135m4a4
ω7
a′′a′ 2
a3
)]
. (C.7)
They reduce to (C.4) (C.5) when the fourth order time derivatives of a(τ) are dropped. The
subtraction term of the spectral trace is given by
〈T µ µ〉kA4 = ρkA4 − 3pkA4
=
k3
4pi2a4
[m2a2
ω
+
m4a4
4ω5
(
a′′
a
+
a′ 2
a2
)− 5m
6a6
8ω7
a′ 2
a2
− m
4a4
16ω7
(
a′′′′
a
+ 4
a′′′a′
a2
+
3a′′ 2
a2
)
+
m6a6
32ω9
(
28a′′′a′
a2
+
126a′′a′ 2
a3
+ 21
a′′ 2
a2
+ 21
a′ 4
a4
)
−231m
8a8
32ω11
(
a′′a′ 2
a3
+
a′ 4
a4
) +
1155m10a10
128ω13
a′ 4
a4
+(ξ − 1
6
)
[− 6
ω
(
a′′
a
− a
′ 2
a2
)− 3m
2a2
ω3
(
2a′′
a
− a
′ 2
a2
)
+
9m4a4
ω5
a′ 2
a2
+
3m2a2
2ω5
(
a′′′′
a
− 2a
′′a′ 2
a3
+
a′ 4
a4
)
−15m
4a4
4ω7
(
4a′′′a′
a2
+
3a′′ 2
a2
+
8a′′a′ 2
a3
− a
′ 4
a4
)
+
105m6a6
8ω9
(
8a′′a′ 2
a3
+
5a′ 4
a4
)− 945m
8a8
8ω11
a′ 4
a4
]
+(ξ − 1
6
)2
[− 9
ω3
(
a′′′′
a
− 4a
′′′a′
a2
− 3a
′′ 2
a2
+
6a′′a′ 2
a3
)
+
27m2a2
2ω5
(
4a′′′a′
a2
+
3a′′ 2
a2
− 6a
′′a′ 2
a3
)− 135m
4a4
ω7
a′′a′ 2
a3
]]
. (C.8)
The formulae (C.1)–(C.8) are valid for a general flat RW spacetime.
In de Sitter space,
(
2a′′′a′
a2
− a
′′ 2
a2
− 4a
′′a′ 2
a3
) = 0, (C.9)
(
2a′′′′
a
− 10a
′′′a′
a2
− 5a
′′ 2
a2
+
16a′′a′ 2
a3
) = 0, (C.10)
(
a′′′′
a
− 4a
′′′a′
a2
− 3a
′′ 2
a2
+
6a′′a′ 2
a3
) = 0, (C.11)
so that the (ξ − 1
6
)2/ω3 terms in ρkA4, pkA4 and 〈T µ µ〉kA4 vanish. This will simplify calculations
in Sections 3, 4, 5 to some extent.
In the following we check that the four-divergence of the subtraction terms is zero, at each
adiabatic order. This is actually implied by the construction of WKB mode v
(n)
k in (B.1) which
satisfies the equation (B.2), ie, v
(n)
k satisfies the field equation (5) to the nth order. We still give
explicit calculations as a checking in the following. By (C.1) (C.2), the four-divergence of the
0th-order subtraction terms is zero,
〈T 0ν ;ν〉kA0 = ρ′k A0 + 3
a′
a
(ρkA0 + pk A0)
=
k3
4pi2
(
− a
′ (3m2a2 + 4k2)
a5ω
+
a′ (3m2a2 + 4k2)
a5ω
)
= 0. (C.12)
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Thus, the 0th-order regularized spectral stress tensor respects the covariant conservation
〈T µν(0) ;ν〉k reg = 〈T µν ;ν〉k − 〈T µν ;ν〉kA0 = 0 (C.13)
which holds for a general coupling ξ and a mass m. For the scalar field considered in this paper,
the k-modes of stress tensor are independent of each other, so, after k-integration of the spectral
stress tensor, the regularized stress tensor also respects the covariant conservation.
Similarly, from (C.4) (C.5) for the 2nd-order, by explicit calculation,
ρ′kA2 =
k3
4pi2a4
[(m2aa′
ω
+
m4a2a′a′′ +m4a (a′)3
4ω5/2
− 5m
6a3 (a′)3
8ω7/2
)
+(ξ − 1
6
)
(6a′ 3 − 6aa′a′′
a3ω
+
3m2 (a′)3 − 6m2aa′a′′
aω3/2
+
9m4 a (a′)3
ω5/2
)
−4a
′
a
(
ω − (ξ − 1
6
)
(3a′ 2
ωa2
+
3m2a′ 2
ω3/2
)
+
m4a2a′ 2
8ω5/2
)]
, (C.14)
3
a′
a
(ρk A2 + pk,A2) = − r.h.s. of (C.14), (C.15)
so the four divergence of the 2nd order subtraction term is zero,
ρ′k A2 + 3
a′
a
(ρk A2 + pk,A2) = 0, (C.16)
and the covariant conservation is respected by the 2nd-order regularized stress tensor,
〈T µν(2) ;ν〉reg = 〈T µν ;ν〉 − 〈T µν ;ν〉A2 = 0. (C.17)
Finally, from (C.6) and (C.7) it is checked that the four-divergence of the 4th order subtraction
term is zero,
ρ′k A4 + 3
a′
a
(ρk A4 + pk,A4) = 0, (C.18)
(the explicit expressions of the above two terms are lengthy and we do not list here,) so the covariant
conservation is respected by the 4th-order regularized stress tensor,
〈T µν(4) ;ν〉reg = 〈T µν ;ν〉 − 〈T µν ;ν〉A4 = 0. (C.19)
The covariant conservations (C.13) (C.16) (C.18) are valid for a general flat RW spacetime.
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